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DISCRETENESS FOR ENERGIES OF YANG-MILLS CONNECTIONS OVER 

FOUR-DIMENSIONAL MANIFOLDS 

PAUL M. N. FEEHAN 


Abstract. We generalize our previous results [291 Theorem 1 and Corollary 2], [301 Theorem 
1] on the existence of an L^-energy gap for Yang-Mills connections over closed four-dimensional 
manifolds and energies near the ground state (occupied by flat, anti-self-dual, or self-dual con¬ 
nections) to the case of Yang-Mills connections with arbitrary energies. We prove that for any 
principal bundle with compact Lie structure group over a closed, four-dimensional, Riemann- 
ian manifold, the energies of Yang-Mills connections on that principal bundle form a discrete 
sequence without accumulation points. Our proof employs a version of our Lojasiewicz-Simon gra¬ 
dient inequality for the Yang-Mills L^-energy functional from our monograph m and extensions 
of our previous results on the bubble-tree compactification for the moduli space of anti-self-dual 
connections |32| to the moduli space of Yang-Mills connections with a uniform bound on their 
energies. 
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1. Introduction 

Suppose that G is a Lie group and A is a connection on a principal G-bundle P over an oriented 
manifold, X, endowed with a Riemannian metric, g. The Yang-Mills L?‘-energy functional is 
defined by 

( 1 . 1 ) <^g{A):= [ \FA\^dvolg, 

Jx 

where Fa G 12^(Y; adP) is the curvature of A. We extend the results of our previous two articles 
[291 EQ] on L^-energy gap results for Yang-Mills connections in several ways, building on the 
method of m which relies on the Lojasiewicz-Simon gradient inequality |311l89j and compactness 
of the moduli space of flat connections over a closed Riemannian manifold of arbitrary dimension 
greater than or equal to two. We specialize here to the case of a base manifold of dimension 
four but generalize the results of [29] by removing the constraints described in that article on the 
compact Lie structure group, genericity or positivity of the Riemannian metric, topology of the 
base four-manifold, or topology of the principal bundle supporting the Yang-Mills connections. 
Our approach in [30] relied on the compactness of the moduli space of flat connections to ensure 
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that the Lojasiewicz-Simon gradient inequality constants were uniform with respect to the critical 
point. More generally, the moduli space of Yang-Mills connections with a uniform bound on 
their curvatures are non-compact due to the phenomenon of energy bubbling in dimension four, 
a property better known in the context of moduli spaces of connections attaining the absolute 
minimum value of the L^-energy functional predicted by topology, namely the moduli spaces of 
anti-self-dual or self-dual connections [HIESIIMIET]. Many examples of non-minimal Yang-Mills 
connections are now known to exist, as we discuss in Section but they remain mysterious 
even when the base four-manifold is the sphere with its standard round metric of radius one, 
and non-compactness makes it difficult to understand their possible energy values, including the 
fundamental question as to whether those values are discrete or form continua. 

I. 1. Main results. We refer the reader to Section [2] for the dehnitions and notation employed in 
the statements of our main results (Theorems [T] and [3] and Corollary [2]) and ensuing discussion. 

Theorem 1 (Discreteness of critical values of the Yang-Mills L^-energy functional for connec¬ 
tions over four-dimensional manifolds). Let G be a compact Lie group and P be a smooth prin¬ 
cipal G-bundle over a closed, four-dimensional, oriented, smooth manifold, X, endowed with a 
smooth Riemannian metric, g. Then the subset of critical values of the L^-energy functional, 
S’g : ^{P,g) —>• [0, oo), is closed and discrete, depending at most on g, G, and the homotopy 
equivalence class, [P]. In particular, C [0,oo) denotes the strictly increasing sequence 

of critical values of S’g and A is a g-Yang-Mills connection on P with 

(1.2) Q < Sg{A) < Ci+1, 

for some i >0, then Sg{A) = Ci. 

Remark 1.1 (Discreteness of critical values of coupled Yang-Mills L^-energy functionals for pairs 
of connections and spinor helds over four-dimensional manifolds). A version of Theorem [T] should 
hold more generally for solutions to coupled Yang-Mills equations for pairs, (A, <1>), consisting of 
a connection A on P and a section < 1 > of an associated vector bundle; see the discussion of such 
equations by Parker in |65( Section 2]. We shall consider such generalizations elsewhere. 

A brief introduction to the main ideas underlying the proof of Theorem [1] is given in Section 

II. 91 especially Sections 11.9.21 and 11.9.31 Theorem [1] yields the following special case, generalizing 
our previous results |29l Theorem 1 and Corollary 2]. 

Corollary 2 (L^-energy gap for Yang-Mills connections over four-dimensional manifolds with 
energies near the ground state). Let G be a compact Lie group and P be a principal G-bundle over 
a closed, four-dimensional, oriented, smooth manifold, X, endowed with a smooth Riemannian 
metric, g. Then there is a positive constant, e G (0,1] depending at most on g, G, and the 
homotopy class, [P] of the principal bundle, with the following significance. If A is a smooth 
g-Yang-Mills connection on P and the g-self-dual component, fX’^j of its curvature, Fa, obeys 

(1-3) II-^a’^IIp(a:) < 

then A is a g-anti-self-dual connection, that is, fX’^ = 0. 

Remark 1.2 (On the conclusions of Corollary [2|) . By reversing orientations on X, the analogous 
conclusion in Corollary [2] is true for g(-self-dual rather than gf-anti-self-dual connections on P: If 
()1.3p holds for P^’® in place of P^’^, then A is ( 7 -self-dual, that is, P^’^ = 0. 

Corollary [2] does not provide a new method of establishing the existence of anti-self-dual con¬ 
nections extending previous existence results due to Donaldson [25] , Taubes |92l [94| , or Taylor 
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m since the problem of proving existence of Yang-Mills connections is considerably harder than 
that of proving the existence of anti-self-dual connections. For example, see Taubes [95] for the 
case of a base manifold of dimension four and Brendle m for the case of base manifolds of 
dimension greater than four. 

Theorem [T] acquires further context from the more familiar setting of Morse theory on finite¬ 
dimensional manifolds. If M is closed, finite-dimensional, smooth manifold, then its Euler char¬ 
acteristic can be computed with the aid of a Morse function, / : M —M, via the identity m 
Theorem 5.2] 

X(M) = 

i 

where n* is the number of critical points of / of index i. 

The proof of Theorem [1] on the separation of critical values also yields a result on the separation 
of strata of critical points. For p > 1 and integers k > 0, we define a distance function on 
the stratified Banach manifold, ^{P,g) = s/{P)/ Aut(i-’), by 


1 


(1.4) dist fe,p([Ti],[To]):=- inf 

s Z u,v(^Aut{P) 


\u{Ai) - Aol 


^0 


{X,9) 


+ Ib(^o) - 


W2f{X,g) 


and, for any non-empty subsets C ^{P,g), 


(1.5) dist^fc,p('^i,'^o) := inf,_ dist^^fc,p([Ai], [Aq]). 

^ [Ai]G^i,i — 0,1 ^ 

and when k = 0, we write dist^o.p = dist^^p in (|1.4p and (jl.5l) . We suppress explicit notation for 
the Riemannian metric g in (jl.4p and (II.5p when there is no ambiguity. 


Theorem 3 (Uniform lU^’^-distance between Yang-Mills connections over four-dimensional man¬ 
ifolds with distinct critical values). Let G be a compact Lie group and P be a principal G-bundle 
over a closed, four-dimensional, oriented, smooth manifold, X, endowed with a smooth Riemann¬ 
ian metric, g, and E > 0 be a constant. Then there is a positive constant, 6 G (0,1], depending 
at most on E, g, G, and [P], with the following significance. Ifc,c' G [0, P] and 

(1.6) dist^i, 2 (Crit(P, 5 ; c), Crit(P, < 7 ; c^)) <6, 

then d = c. 


1.2. Discreteness of critical values of the Yang-Mills energy functional over closed 
Riemannian smooth manifolds of dimension two or three. The energies of Yang-Mills 
connections on a principal G-bundle P over a closed Riemann surface are necessarily discrete, 
just as in Theorem [1] for the case of a four-dimensional manifold, when Y is a closed, Riemannian 
smooth manifold of dimension two or three and G is any compact Lie group. Indeed, for X 
of dimension two or three, the conclusion of Theorem [T] is a straightforward consequence of the 
Lojasiewicz-Simon gradient inequality for the Yang-Mills energy functional m Proposition 7.2] 
(see Simon |89( Theorem 3] for the original version) and Uhlenbeck compactness for Yang-Mills 
connections with an L^ bound on curvature |10r)( lir)l| . as observed by Rade [TU p. 127]. This 
observation will be explained in more detail when we discuss the key ideas in the proof of Theorem 
[Din Section [121 This paradigm underlies the proof of our main result [HO] Theorem I] concerning 
the gap between the energies of non-flat Yang-Mills connections and zero (the energy of any 
flat connection), where we exploit compactness of the moduli space of flat connections over a 
closed Riemannian smooth manifold of arbitrary dimension greater than or equal to two and 
our version of the Lojasiewicz-Simon gradient inequality for the Yang-Mills energy functional 
over such manifolds m Theorem 21.8], quoted here as Theorem 18.21 However, to extend those 
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ideas to prove Theorem [T] one must address the fundamental problem of non-compactness, due 
to bubbling, of moduli spaces of Yang-Mills connections with bounded energy. 

1.3. Discreteness of critical values of the Yang-Mills energy functional over compact 
Kahler manifolds. For a compact Lie group, G C U(n), one can also see that the energies of 
Yang-Mills connections on a principal G-bundle P over a closed Riemann surface, S, are necessar¬ 
ily discrete, just as in Theorem [T] for the case of a four-dimensional manifold, as a consequence of 
the results of Atiyah and Bott [2]. (The author is grateful to George Daskalopoulos and Richard 
Wentworth for their explanations of what is known with regard to discreteness of energies of 
integrable Yang-Mills connections over Kahler manifolds of complex dimension one and two.) 

In the case of a closed Riemann surface, the discreteness follows from results of Atiyah and 
Bott [2]. They show that every Yang-Mills connection on Hermitian vector bundle E over S is a 
direct sum of Hermitian-Yang-Mills connections, where the key idea is to rewrite the Yang-Mills 
equation using the Kahler identities. The energy of a Hermitian-Yang-Mills connection is 
the square of the slope of E, up to some fixed overall constant depending on the volume of the 
Riemann surface. The slope of E is equal to the degree of E divided by its rank. Hence, the 
collection of possible slopes that appear in the Harder-Narasimhan decomposition are rational 
with a denominator bounded above by the rank of the initial bundle, E. This proves discreteness 
in the case of Yang-Mills connections over Riemann surfaces. 

A version of this argument applies to compact Kahler surfaces, Z, but not necessarily in the 
generality provided by Theorem [H as we must restrict to holomorphic vector bundles given the 
possibility that there may be Yang-Mills connections that are not sums of Hermitian-Yang-Mills 
connections. For Kahler surfaces, there could exist Yang-Mills connections whose curvature is 
not of type (1,1). 

Bubbling occurs in real dimension four, so one must consider the energies of Yang-Mills con¬ 
nections and ideal Yang-Mills connections arising, for example, as Uhlenbeck limits of Yang-Mills 
connections. Here one can rely on work of Daskalopoulos and Wentworth |19ll20j . where they show 
that the Harder-Narasimhan type of the Uhlenbeck limit is the same as the Harder-Narasimhan 
type of the original holomorphic bundle, {E, S^q). For a bundle E of prescribed topological type, 
the possible slopes are again discrete. The denominator is bounded by the rank, and the degrees 
are obtained by intersecting elements of a lattice (the first Chern classes) with the 

Kahler class. 

R is possible that the preceding argument for Kahler surfaces might extend to the case of 
compact Kahler manifolds of arbitrary complex dimension based on work of Sibley [85], Tian 
|98] . and others concerning Yang-Mills connections over higher-dimensional manifolds. However, 
methods based on generalizations of those of Atiyah and Bott [2] giving discreteness in the case of 
Riemann surfaces would not appear to yield the conclusion of Theorem [1] in full generality when 
Z is a compact Kahler surface and G C U(n) or, more generally, when Z is a compact Kahler 
manifold of complex dimension three or higher. 

While our [301 Theorem 1] yields a gap between zero and the energy of non-flat Yang-Mills 
connections over a base manifold of any dimension, through Uhlenbeck compactness and our 
Lojasiewicz-Simon gradient inequality, it would be a challenging problem to generalize Theorem 
[Tjto the case of dimensions greater than four. 

1.4. Discreteness and non-discreteness of critical values of the Yang-Mills energy 
functional over complete, non-compact four-dimensional manifolds. Dodziuk and Min- 
Oo [23], Gerhardt [38] . Shen [84], and Xin [107] establish L^-energy gap results near the ground 
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state (or absolute minimum) energy in the case of four-dimensional, non-compact, smooth man¬ 
ifolds equipped with a complete Riemannian metric that is positive in the sense of (ll.lSp . It 
is possible that Theorem [1] might extend, perhaps with a suitable weighting at spatial infinity, 
to four-dimensional, complete, non-compact manifolds which are not conformally compact and 
whose Riemannian metric does not obey the positivity condition (I1.15|) . 

Our proof of Theorem [1] makes essential use of the hypotheses that (X, g) is conformally 
compact and that G is a compact Lie group. Using the conformal invariance of Yang-Mills 
equations over four-dimensional manifolds, Chaohao m Theorem 1] has proved that over a 
complete, connected, simply-connected manifold of constant negative sectional curvature (namely, 
the hyperbolic space with sectional curvature —1), there exist Yang-Mills connections with 
L^-energy c equal to any non-negative real number; see Chaohao m for further discussion. 
As Sadun points out, some condition at spatial infinity should be required in order to achieve 
discrete values of the Yang-Mills L^-energy functional in the absence of a positivity condition on 
the Riemannian metric. 

1.5. Relevance to previous results on Morse theory for the Yang-Mills L^-energy func¬ 
tional over closed four-dimensional manifolds. The primary difficulty one must confront 
when analyzing the L^-energy functional on a principal G-bundle over a four-dimensional mani¬ 
fold is non-compactness of the critical sets, Crit(i-’, g, in Definition 13.241 due to the well-known 
phenomenon of energy bubbling [28l [36] and indeed this is the difficulty addressed by Taubes in 
|95j in his approach to Morse theory for the Yang-Mills L^-energy functional; see also [931 196| for 
related results. 

We recall some of the ideas underlying the proof of his main result [951 Theorem 1.1], essentially 
following his description in [951 Section 2], and describe the relationship between the ‘approximate 
critical sets’ T,{E,6) defined by Taubes in (|1.11|) and the traditional critical sets, Crit(P, g', c), 
that we specify in Definition 13.211 Our summary of Taubes’ approach in [95] is highly simplified 
and we omit mention of many deep technicalities discussed in detail his article. 

1.5.1. Taubes’ framework for Morse theory for the Yang-Mills Lf-energy functional over closed 
four-dimensional manifolds. The purpose of Taubes’ article is to explain (95] p. 329] how the 
Morse theory for the Yang-Mills L^-energy functional can be recovered by examining the re¬ 
striction of the functional to a countable set of finite-dimensional, non-compact subvarieties of 
the Banach manifold of connections with base point modulo gauge transformations, g) = 

(jY(P, g) X P\xq)/ Aut(P), for some fixed xq G X. (The stratified Banach manifold, td§{P, g), is re¬ 
covered as the quotient, ^'{P,g)/G] the open subset ^*{P,g) C S§{P,g) of points [A] G S§{P,g) 
with stabilizer (isotropy group) of A in Aut(P) isomorphic to Center(G) is a Banach manifold 
[281 P- 132].) 

Taubes first considers a smooth function, M, on a smooth Banach manifold, ^ 

for which the Palais-Smale Condition C is not assumed to hold. Rather than examine the exact 
critical sets of he considers sets of approximate critical points [95l Equation (2.1)], 

(1.7) Crit(P,<5) := [x^SP ■. \^{x)-E\ < 5 and ||^'(x)|| < 5} , 

where [x) '.T^X TfX is the gradient of X at each x £ X, and also introduces the set 

(1.8) Crit(E, 6)~ := {x G Crit(£', 5) : X{x) < E} . 

When 5 > d' > 0 are given, there is a natural inclusion of the pairs, 

(1.9) i : (Crit(P, 5'), Crit(P, 5')") ^ (Crit(P, 5), Crit(P, d)”). 
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It is the effect of the map t on the relative homotopy groups of the pairs in (11.911 which determines 
whether Cut{E,5) contributes to the Morse theory of ^ on Taubes calls the number E a 
regular value of ^ if there exists 5 > 0 and <5' G (0, d] such that the map l in (|1.9p induces the zero 
map between the relative homotopy groups. If E is not a regular value (in the preceding sense), 
then it is called a critical value. When ^ is a compact manifold, these definitions coincide with 
the usual definitions of regular value and critical value. 

We emphasize that in Theorem [T] and throughout our article, we only employ the standard 
dehnitions of regular value and critical value for the Yang-Mills L?' energy functional on jY(P, g) 
or £S'{P,g), irrespective of the fact that £/{P,g) and ^'{P,g) are inhnite-dimensional Banach 
manifolds. 

Taubes constructs certain hnite-dimensional subvarieties C ^'{P,g) parameterized by the 
following gluing data and a splicing map, where we restrict our attention here to a special case 
(one rather than iterated levels of splicing) of his construction outlined in |95( Equations (2.5) 
through (2.10)] for the sake of exposition: 

(1) Set of Yang-Mills connections, Aq, on a principal G-bundle Pq over X; 

(2) Sets of Yang-Mills connections, Aa, on principal G-bundles Pa over corresponding to 
points Xa G X, where 1 < a < /; 

(3) Set of oriented g'-orthonormal frames, fa for {TX)xa, where 1 < a < 1] 

(4) Set of points Qa G PqUc) for 1 < a < /; 

(5) Set of points pa G Po|<j, for 1 < a < /, where s G is the south pole; and 

(6) Set of scales G (0,1], for 1 < a < L 

The automorphism groups which act on the gluing data are described in |95l Sections 2 and 4]. 
In general, as in |95l Sections 2 and 4], the preceding construction must be iterated by prescribing 
a tree with root vertex for each point Xa & X and a copy of the preceding gluing data for 
assigned to each vertex in the tree. 

The gluing data (which is subject to certain constraints described in [951 Sections 2 and 4]) is 
used to build spliced connections. A, that are approximate solutions to the s'-Yang-Mills equation 
on a principal G-bundle P over X. In the -Sobolev neighborhood of the embedded, finite- 
dimensional submanifold, C a^'{P,g), of spliced connections corresponding to the gluing data, 
the value of the Yang-Mills energy functional, Sg, is approximately E and the IE~^’^-norm 
of the gradient of S'g is approximately zero, and so, in this neighborhood, a suitably defined 
Hessian of S'g determines the behavior of Sg. The Hessian of Sg has at most n* small or negative 
eigenvalues, and all of the other eigenvalues are bounded from below by a positive constant. It 
is shown in m Section 7] that the number, n* has an a priori bound, given E. The eigenvalues 
of the Hessian are weakly continuous on S§'(P,g) with respect to the W^’‘^ topology. 

Taubes’ splicing construction produces, for each [^] G a vector space of dimension n* or 
less which approximates the span of those eigenvectors of the Hessian of Sg which have small 
or negative eigenvalue, called the obstruction space. At each point [A] G let H^ denote the 
projection onto the span of those eigenvectors of the Hessian of Sg which have small or negative 
eigenvalue. (For the sake of exposition, we shall ignore issues related to approximate reducibility 
of connections A dehned by the splicing construction.) The open set JV has two locally hnite 
covers by open sets {M)} and such that C and such that over the set of 

projections {Hyi : [A] G Ai} is smoothly varying. The set of images of Hy^, as [A] varies through 
Ai, defines a vector subbundle, V) C TAf,, of rank n* or less, called the obstruction bundle. 

At each point in this subset, the Hessian of Sg is uniformly convex on the complement of Vi in 
TAi. This fact, together with the Contraction Mapping Theorem, allows one to construct a ho¬ 
motopy of S^’{P,g) which is t^g-decreasing, and which deforms AV onto the rank(V))-dimensional 
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submanifold of jVi consisting of the set of points [A] G J/i where 

(1.10) (1 — TlA_+a)^gi^ + a) = 0, 

for suitable a G adP). This submanifold is denoted (We again ignore issues related 

to approximate reducibility of connections A dehned by the splicing construction.) Equation 
(|1.1UI) is the Yang-Mills equation for A + a composed with an L^-orthogonal projection onto the 
L^-orthogonal complement of the finite-dimensional obstruction space. 

On Mi n either V) C Vj- or V) = or V) D V,-. Thus, either So(Mi) 0 is a smooth 
submanifold of So(Mj), or vice versa. The union of the manifolds {So(Mi)} defines a smooth 
variety, Sq H jV with maximum dimension n*. 

Given <5 > 0, one defines, by analogy with (jl.7p . 

(1.11) S(E,,5) := {[A] G SoOM^ : \^g{A) - E\ < 6 and \\^g{A)\\ < 5}. 

By analogy with (II.8|) and (II.9p . one defines 

(1.12) S(P, 5)- := {[M] G S(P, 5) : ^,(M) < E}, 
and for > Y > 0, one has the inclusion of pairs, 

(1.13) . : (S(P, Y), S(P, Y)-) ^ (S(E, 5), S(P, <5)-) . 

By construction, the effect of the inclusion map in (jl.9p on the relative homology and homotopy 
groups of the pairs of spaces in (jl.9|) can be calculated from the effect of the inclusion map in (jl.l3p 
on the relative groups for the pairs of spaces in (I1.13|) . This is Taubes’ main result in [95] and 
the detailed statement is given by [951 Theorem 1.1]. It is in this sense that Morse theory for the 
Yang-Mills L^-energy functional is recovered by the addition of the finite-dimensional variational 
problems which are implicit in calculating the effect of the map in (|1.13p on the relative homology 
groups of the pairs of finite dimensional varieties in (I1.13j) . 

1.5.2. Relationship with TheoremU^ As is clear from (|l.lip and Definition 13.211 the subvariety 
T,{E,6) C serves as a finite-dimensional neighborhood of a piece of the set Cnt{P,g,E) 

of critical points of the Yang-Mills L^-energy functional, S'g : i^'{P,g) —>■ M, with critical value 
E G [0, oo). 

It is important to note that the conclusions in Taubes’ [951 Theorem 1.1] concerning Morse 
theory for Sg : i^'{P,g) —)• [0, oo) and the topology of AS'{P,g) follow from the existence of a 
countable collection of finite-dimensional varieties, C ^'{P,g), as described in Section 

[Txn However, neither [95[ Theorem 1.1] nor the discussion in [95[ p. 329] assert that energies 
of Yang-Mills connections on P form a discrete sequence. 

1.6. Relevance to quantum Yang-Mills field theory over four-dimensional manifolds. 

While a mathematically rigorous approach to quantum Yang-Mills field theory over conformally 
compact four-dimensional manifolds remains a distant vision at present, an analysis of the geom¬ 
etry of the critical sets and discreteness of critical values of the Yang-Mills energy functional 
values should nonetheless have a role in such endeavours. Research aimed at developing the 
mathematical foundation of quantum Yang-Mills field theory over Riemann surfaces serves to 
shed light on the corresponding theory in the case of four-dimensional manifolds. There has been 
considerable interest in the case of Yang-Mills theory over Riemann surfaces and, rather than 
review previous research here, we shall mention only the work of Atiyah and Bott [2] and Witten 
[106] together with the references included in their bibliographies and the many articles citing 
their work. Witten notes [in6[ p. 303] that the contributions to the partition function from the 
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unstable classical solutions are ‘exponentially small’ and we might expect that the same is true 
in the setting of Yang-Mills theory over four-dimensional manifolds. 

1.7. Examples of Schrodinger operators with dense point spectrum and examples of 
energy functionals with dense critical values. The energy gap results in [29j are proved 
with the aid of spectral gap results for Laplace operator, on n+(Y;adP). Thus it is 

instructive to compare our gap results for critical values of the Yang-Mills L^-energy functional 
with related results for energy functionals defined by linear self-adjoint operators on a Hilbert 
space. To explain those results, it is useful to recall some basic terminology from the spectral 
theory for linear operators on Banach and Hilbert spaces imizsiES]. 

Let B{X) be the Banach algebra of all bounded linear operators on a Banach space X. The 
spectrum cr{L) of an operator L £ B{X) is the set of all A G C such that L — XI is not invertible 
m Definition 4:17]. Thus A G cr{L) if and only if at least one of the following two statements is 
true: i) The range of L — A/ is not all of X. ii) L — XI is not one-to-one. If ([n|) holds, A is said to 
be an eigenvalue of L; the corresponding eigenspace is Ker(L — A/); each ^ G Ker(L — XI) (except 
^ = 0) is an eigenvector of L; it satisfies the equation 

LC = A|. 

The point spectrum (Jp{L) of an operator L G B{X) is the set of all eigenvalues of L |75] Definition 
10.32]. Thus A G crp{L) if and only if the null space Ker(L — XI) oi L — XI has positive dimension. 

Naboko [HT] constructs self-adjoint one-dimensional Schrodinger and Dirac operators with dense 
point spectrum in [0, oo) and M, respectively. For the case of the self-adjoint one-dimensional 
Schrodinger operator, one has the 

Theorem 1.3. [HI Theorem 1 and remark below Theorem 2], |88( Theorem 1] Let {nn]’^=i be 
a sequence of rationally independent positive real numbers. Let g{x) be a monotone function on 
[0, oo) with g{0) = 1 and \im.x^oo g{x) = oo. Then there exists a C°° potential V{x) on [0, oo) 
such that 

(1) For each n > 1, the equation —dfu/dx'^+Vu = k^u on [0, oo) has a solution Un G L^(0, oo) 
with boundary condition Un{0) = 0; 

(2) |Y(a;)| < g{x)/{x -|- 1), for all x G [0,oo). 

Simon |88j uses a different method to construct Schrodinger operators with dense point spec¬ 
trum in [0, oo). 

Theorem 1.4. [881 Theorem 2] Let {Kn}^=i be a sequence of arbitrary distinct positive real 
numbers. Let g{x) he a monotone function on [0, oo) with g{{f) = 1 and lim 3 ;_^oo 5 ( 2 :) = 1- Let 
{On}’^=i be a sequence of angles in [0, tt). Then there exists a potential V(x) on [0,oo) such that 

(1) For each n > 1, the equation —dfu/dx'^+Vu = on [0, 00 ) has a solution Un G L^(0, 00 ) 
with boundary condition, 

«'( 0 ) _ . 
u(0) 

(2) |Y(x)| < g{x)/{x + 1), for all x G [0,oo). 

In particular, Schrodinger operators such as those in Theorems 11.31 (Naboko) or 11.41 (Simon) 
can have dense point spectrum in [0, 00 ) and thus no spectral gaps anywhere. See also the articles 
of Christ, Kiselev, and Remling naiiHiiTS], Deift and Killip m, Simon [ 88 ] , as well as the article 
by Killip and Simon [48] which extend the results of Naboko m and Simon [ 88 ] . 
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It is interesting to now contrast Theorems 11.31 and 11.41 with Theorem [TJ Suppose L is a self- 
adjoint operator on a Hilbert space % with domain Si{L) C H, let S-u := {^ G H : ||^|| = 1} be 
the unit sphere in H, and define an energy functional, ^ : ^{L) n 5-^ M, by setting 

^{0:={LC,0, y^€^{L)nSn. 

The tangent space at ^ G is given by (TSy,)^ = ^-^ = {rj G Ti : {^,7]) = 0}. In particular, the 
expression for the differential map at ^ G ^{L) n is 

{D^)^{r,) = 2{Li,r^), Vr? G 

Consequently, ^ G S>{L) n Sy is a critical point of ^ : S>{L) n Sy —)• M if and only if ^ is an 
eigenvector of L, that is for some A G M. Letting S!{L) = iyQ^’^(0,oo) C L^(0,oo) denote 

the domain of L on L^(0, oo) with homogeneous Dirichlet boundary condition at x = 0, the work 
of Naboko [6T] and Simon [88] allows one to construct energy functionals of the form 

/•OO 

^{u) := / + Vu^) dx, u G ^(L) and ||u||j;^2(o,oo) = Ij 

Jo 

which do not exhibit gaps between their critical values of the kind asserted by Theorem [1] for the 
Yang-Mills L^-energy functional. 

1.8. Existence of non-minimal Yang-Mills connections. Theorem [1] has significance be¬ 
cause the existence of non-minimal Yang-Mills connections over closed four-dimensional, Rie- 
mannian, smooth manifolds has by now long been well-established. We survey some of the 
known results. 

One of the earliest examples (in 1980) of non-minimal Yang-Mills SU(2)-connections over a 
closed four-dimensional manifold, namely x S^, is due to Chaohao m Theorem 2]. Construc¬ 
tions of non-minimal Yang-Mills SU(2)-connections over x were later given by Urakawa 
[103] (in 1988), Wang [lOdj (in 1991), and Parker [66] (in 1992). Urakawa [103] and Wang [104] 
also proved the existence of non-minimal Yang-Mills SU(2)-connections on S'^ x 3 “^. 

For many years the question of existence or otherwise of non-minimal Yang-Mills SU(2)- 
connections over remained open until their existence on the product bundle on P = x SU(2) 
was first proved by Sibner, Sibner, and Uhlenbeck |87] (published in 1992) and, more generally 
(in a series of articles published between 1990 and 1994), principal SU(2)-bundles, P, over for 
any C 2 {P) > 2 by Bor and Montgomery [9l[T0] and Sadun and Segert [7 ^ (7^ [79 ] [80 ] IHT]. 

More recently Gritsch [40] (in 2000) has proved existence of non-minimal Yang-Mills connec¬ 
tions over a broader family of four-dimensional manifolds. We recall her construction of those 
manifolds. Let be a Riemann surface of genus 2g with involution given by reflection in the 
mid-circle and S'^ the 2-sphere with the antipodal map. These involutions combine to give an 
involution a : F2g X —)• F2g x S'^ with no fixed points. Then M2g := F2g Xo- 5 *^ is a closed, 
oriented, smooth, spin four-dimensional manifold. The second Chern classes of the ± spinor 
bundles over M 2 g are C2(1F^) = P{2g — 1). Gritsch uses homotopy theory to prove that 
there exist non-minimal Yang-Mills connections on the bundles W^. 

Given one isolated non-minimal Yang-Mills connection (where isolated means that the Hessian 
of Yang-Mills functional is non-degenerate), Wang [1051 Theorem 1] has proved using the min-max 
method that there are then infinitely many other non-minimal Yang-Mills connections. 

Finally, geometric questions concerning non-minimal Yang-Mills connections have also been 
explored by Stern [9T]. 
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1.9. Discussion of the main ideas underlying the proof of Theorem [T]. In Sections 11.9.21 
and 11.9.31 we describe some of the key ideas used in the proof of Theorem [1] — where we impose 
no conditions on the Riemannian metric g, compact Lie group G, or topologies of the principal 
G-bundle P and the closed manifold X — and contrast them in Sections 11.9.11 and 11.9.21 with 
earlier results yielding an L^-energy gap near the ground state but only under rather strong 
hypotheses on g, G, P, and X. 

1.9.1. Spectral gap for a Laplace operator and energy gap near the moduli space of anti-self-dual 
or self-dual connections. In our |29t Theorem 1 and Corollary 2], we establish that the energies 
of non-minimal Yang-Mills connections on a principal G-bundle, with compact Lie structure 
group G, over a closed, connected, four-dimensional, oriented, Riemannian, smooth manifold 
{X,g), are separated from the energy of the minimal g(-Yang-Mills connections by a uniform 
positive constant depending at most on the Riemannian metric g and the homotopy type [P] 
of P. In particular, rather than require that g be positive in the sense of (I1.15j) . as assumed 
by Bourguignon, Lawson, and Simon mm in their L°°-energy gap results or by Min-Oo m 
Theorem 2] and Parker |65t Proposition 2.2] in their L^-energy gap results (see also Donaldson 
and Kronheimer |28t Lemma 2.3.24]) — which constrains X to have negative dehnite intersection 
form — we instead assume in m Corollary 2] that the Lie structure group is SU(2) or SO(3) and 
the Riemannian metric is generic in the sense of [36], and impose mild conditions on the topologies 
of P and X inspired by those employed in the most general definitions of the Donaldson invariants 
ISTlllHllSIlEH] of Y. 

It is enlightening to recall the main ideas underlying the proofs of [571 Theorem 2], [651 Propo¬ 
sition 2.2], |29l Theorem 1 and Corollary 2]. Let Rg{x) denote the scalar curvature of 5 at a point 
X G Y and let W^{x) G End(A^) denote its self-dual and anti-self-dual Weyl curvature tensors 
at X, where = A+ 0 A“. Define 

w^{x) := Largest eigenvalue of W^{x), Vx G Y. 

We recall the following Bochner-Weitzenbock formula [361 Equation (6.26) and Appendix C, p. 
174], |32l Equation (5.2)], 

(1.14) 24’^4’*®u = VCfVAuY Qp 3 - 2 u;+^ u + {F+’^u}, Vu G D+’5(Y; adP). 

We call a Riemannian metric, < 7 , on Y positive if 

(1.15) -Pg — 24 >0 on Y. 

O 

Consequently, if \\FX'^\\L'^[x,g) < £(<?) G (0; !]> then the Laplace operator, D+’®(Y; adP) 

exhibits a spectral gap in the sense that its least eigenvalue, fJ.g{A), has a positive lower bound 
ho = ho{g) that is uniform with respect to [A] G t^{P,g) obeying 

II-4’^IIp(ys) < ^( 9 )- 

Standard arguments (see the proofs by Min-Oo of ISZl Theorem 2] and Parker of [651 Proposition 
2.2]) imply that if A is also g(-Yang-Mills, then one must have 

P^’^ = 0 on Y, 

and so A is a 5 -anti-self-dual connection on P, that is, an absolute minimum of the Yang-Mills 
energy functional on t^{P,g). By reversing orientations of Y, one also sees that if A is a 
5 -Yang-Mills connection A with \\FX’^\\L^{x,g) < then P)]"’® = 0 on Y and A is a 5 -self-dual 
connection on P, also an absolute minimum of the Yang-Mills energy functional on ^{P,g). 
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Results of this kind were first obtained by Bourguignon, Lawson, and Simon mm but under 
the stronger hypotheses that \\F^’^\\L°°(x,g) < < ^id)- 

The structure of the Bochner-Weitzenbock formula ()1.14j) reveals that the method of proof of 
153 Theorem 2] or |65l Proposition 2.2] is unlikely to yield any information concerning energy 
gaps near higher critical values of the Yang-Mills L^-energy functional, where \\F'^’^\\i2i^x,g) or 
\\F^’^\\L^(x,g) is large and the positivity condition (jl.l5p can no longer ensure that Hg{A) > 
Ho{g) > 0 for all [A] E SB{P,g) with \\FX'^\\L2(^x,g) < ^(s)- 

The main idea in the proof of our |29l Corollary 2] is to show that the positivity hypothesis 
(I1.15jl for the Riemannian metric g can be replaced by the requirement that g be generic and 
G have dimension three, together one of the following combinations of hypotheses on G and the 
topologies of P and X: 

(1) b'^{X) = 0, the fundamental group ' 7 ri(Y) has no non-trivial representations in G, and 
G = SU(2) or G = SO(3); or 

( 2 ) b~^{X) > 0 , the fundamental group t^i{X) has no non-trivial representations in G, and 
G = SO(3), and the second Stiefel-Whitney class, W 2 {P) E Lf^(Y;Z/ 2 Z), is non-trivial; 
or 

(3) b'^{X) > 0, and G = SO(3), and no principal SO(3)-bundle Pi over X appearing in 
the Uhlenbeck compactification of the moduli space of ^-anti-self-dual connections on P, 
namely A'I(P,g), admits a flat connection. 

Unfortunately, while the preceding combinations of hypotheses on g, G, P, and X again yield an 
L^-energy gap result for the ground state, 

Co < Cl, 

where cq is the L^-energy of a i^-anti-self-dual (or g-self-dual) connection on P and ci is the 
minimum L^-energy of a non-minimal Yang-Mills connection on P, our proof of [291 Corollary 
2] still requires that \\F^’^\\i2(^x,g) (or \\FA’^\\L^{x,g)) be less than e{g,[P]) E (0,1] in order 
to establish the existence of a spectral gap for the Laplace operator, in the sense 

that fig{A) > g,o{g,[P]) > 0 for all [A] E ^{P,g) with \\F^’^\\i^2(^x,g) < ^idAF])- Therefore, 
this alternative method yields no information either regarding higher-order critical values of the 
Yang-Mills L^-energy functional. 

1.9.2. Lojasiewicz-Simon gradient inequality and energy gap near the moduli spaee of flat con¬ 
nections. Our sequel [30] to our article [29] establishes an L'^/^-energy gap [301 Theorem 1] for 
a 5 -Yang-Mills connection A on a principal G-bundle, with compact Lie structure group G, over 
a closed, connected, smooth manifold, X, of dimension d > 2 and endowed with a Riemannian 
metric g. Indeed, if 

\\FA\\Ld-/2(^X,g) < 

where e = s{d,g, [P]) E (0,1] and A is 5 -Yang-Mills, then [30l Theorem 1] asserts that = 0 on 
X, that is, ^4 is a flat connection. When d = 4, we obtain an L^-energy gap result for the ground 
stSitc, 

Co = 0 < Cl, 

where cq is the L^-energy of a flat connection on P and ci is the minimum L^-energy of a 
non-minimal Yang-Mills connection on P. 

Our proof of [30l Theorem 1] uses our version of the Lojasiewicz-Simon gradient inequality [33 
Theorem 21.8] to remove a positivity constraint on a combination of the Ricci and Riemannian 
curvatures in a previous L'^/^-energy gap result due to Gerhardt [381 Theorem 1.2] and a previous 
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L°°-energy gap result due to Bourguignon, Lawson, and Simons m Theorem C], |12l Theorem 
5.3]. Our proof of [30l Theorem 1] relies on the fact that the moduli space, M{P,g), of gauge- 
equivalence classes of flat connections on P is compact with respect to the Uhlenbeck topology 
|10n]lin2] . We shall explain the roles of the Lojasiewicz-Simon gradient inequality and Uhlenbeck 
compactness of M{P,g) — and also how reliance on Uhlenbeck compactness of M{P,g) might 
be relaxed — in Section 11.9.31 

1.9.3. Lojasiewicz-Simon gradient inequality for Yang-Mills connections over the sphere and main 
ideas underlying the proof of Theorem [IJ While our proof of Theorem [1] formally mirrors that of 
I3Q1 Theorem 1], in so far as that we rely on our Lojasiewicz-Simon gradient inequality (Theorem 
18.2p and compactness results (developed in this article) for sequences of Yang-Mills connections 
with bounded energy, it is the non-compactness due to the energy bubbling phenomenon which 
makes the proof of Theorem [1] difficult in the present context of bounded but otherwise arbitrary 
energy as opposed to Lf energy near zero. 

Our proof of our previous energy gap result, 13Q1 Theorem 1], exploits the fact that the 
Lojasiewicz-Simon radius, (T[r], has a uniform positive lower bound as T varies over the moduli 
space, Crit(P, g, 0), of flat connections on a principal G-bundle over X. Now, however, [^ym] varies 
over the moduli space of Yang-Mills connections, Crit(P, 5 ,^), where d [0, 00 ) is any compact 
subset. Because Crit(i-’, g, is non-compact due to bubbling when ^ = [0, E] and E > 0 is 
sufficiently large (for example, greater than or equal to the energy of a non-flat anti-self-dual or 
self-dual connection on a principal G-bundle over 5^), it is no longer clear that the Lojasiewicz- 
Simon radius, cjP^ym]) will have a uniform positive lower bound as [^ym] varies over Crit(P, g^ if). 
A direct examination, via the lengthy proof of Theorems 18.21 or 18.31 of the dependence of the 
Lojasiewicz-Simon triple of constants, {Z,a,9), on [Aym] would be very difficult. However, one 
can gain insight into why there is still a uniform positive lower bound for cj[Aym] when [Aym] 
varies over Crit(P, ( 7 , [0, £1]), for E large, by examining the case where {X,g) is (5"^, ground) and 
ground IS the Standard round metric of radius one over S^. 

In our application to the proof of Theorem [H we shall only need a weaker special case, essen¬ 
tially Corollary 18.41 of the full Lojasiewicz-Simon gradient inequality in dimension four. Theorem 
18.31 where the norm on d'j^FA in (18.5p is replaced by the norm on d\FA to give (18.8p . 

This simplification is too weak for application to the questions of convergence and global exis¬ 
tence of solutions to Yang-Mills gradient flow developed by the author in [3l], but suffices for 
our application to the proof of Theorem (TJ the simplification is attractive because the Yang-Mills 
equation, d\FA = 0, is conformally invariant (since the Yang-Mills energy functional is con¬ 
formally invariant) and the norm on the one-form, d)^FA, is invariant with respect to the 
pull-back action on A and elements of H^(Y, adP) by conformal diffeomorphisms of {X,g). If 
Aym is a ( 7 -Yang-Mills connection on a principal G-bundle P over X and A is a connection 
on P that obeys 

IIA — AYM||^4/■L2 < cr[A 

ym] ? 

then Corollary 18.41 implies that A obeys the Lojasiewicz-Simon gradient inequality, 

ll'^A-^A||L4(A:,g) > ■ 2 ’|f^g(A) - S’g{AYM)f ■ 

Now suppose that Aym is centered in the sense of Definition [431 with center at the north pole 
and scale one, and let (Ia be the conformal transformation of C induced by a stereographic 
projection from the south pole and the rescaling map on given by (5 a( 2 ^) = x/X for x € 
and A G M+. Then <5^ Aym is a one-parameter family of ground-Yang-Mills connections on P over 
S‘^ whose energy density becomes totally concentrated at the north pole when A 0 and totally 
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(54) - 


concentrated at the south pole when A oo. However, while the standard Sobolev norm on 
® adP) (see Section ED for an explanation of the notation for Sobolev norms), 

(|V“a|2 + |a|2) , Va G n\S\adP), 

is not invariant with respect to the pull-back action on a G 0^(5'^, adP) and connections H on P 
by elements, h, of the conformal group of transformations of S^, it is quasi-conformally invariant, 
with universal constants as one can see from Taubes [951 Lemma 3.1], quoted here as Lemma [6.31 
In particular, there is a universal constant C G [l,oo) such that, for any connection A on 
P and any element h of the group Conf(S"^) of conformal transformations of Ground)) one has 

^ — 11^ ^ Va G {S ). 

Hence, if a connection H on P obeys 
(1.16) \\A-h*A^ 


< C ^cj[Hym]) 




then h A obeys 

||/l ’ A Hym||^1.2 ^ I1 '[Aym]? 

Aym ^ '' 

and the Lojasiewicz-Simon gradient inequality for Hym implies that 

||d*_l,.^P;,-l,M||L4(54) > Zl^(h-l’M) - ^iA^u)f. 

By the invariance of the norm on one-forms and norm on two-forms with respect to the 
pull-back action on forms by conformal diffeomorphisms, the preceding inequality is equivalent 
to 

KaFaWl^^s^) > Z\^{A)-<^{h*Ay^)f. 

In other words, we have shown that 

cj[/iMym] > C-V[Hym], V/i G Conf(S^), 


and the following choice of Lojasiewicz-Simon triple of constants for [/i*Hym], 

(.Z’[/i*HYM]) ^[^*^Ym]) = (-^[^YmIjC* ^it[j4ym]) 0[Aym]) 

depends only on the point [Hym] G Grit(P, ground, [0, Pj) and not on the map h G Conf(S'‘^). 
Therefore, if H is a connection that obeys 

||H — /^*HYM||^yl.2 /g.4', <C ^(T[Hym]) 

h*AYM'' ’ 

and A is ground-Ycmg-Mills, then (Fj^Fa = 0 on X and the Lojasiewicz-Simon gradient inequality 
implies that 

<F{A) = S’[h Hym) = <^(^ym)- 

The preceding observations are more significant than they might appear at first glance. Although 
A is close to h*A ym in the sense of (11.161) . the space Grit(P,ground; [0,P]) is not bounded 
with respect to the distance function defined by the Sobolev norm, and so it is essential 

that the Lojasiewicz-Simon radius, a\h*A ym\-, be comparable to (t[Aym] with universal constants 
that are independent of /i G Gonf(S'‘^) = x 1R+ x SO(4), where M+ acts on by rescaling as 
noted above, acts on U {oo} by translation, and SO(4) acts on C by rotation. 

For the general case, when P is a principal G-bundle over an arbitrary closed, Riemannian, 
smooth manifold, {X,g), one has to examine the bubble-tree compactification of Cnt{F, g,‘S) in 
great detail, extending previous work of Parker and Wolfson in the context of pseudo-holomorphic 
maps |67[ 168]. Taubes [95] in the context of sequences of Yang-Mills connections, and the author 
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[32] in the context of sequences of anti-self-dual connections. By iterating the application of local 
dilations and local translations to a sequence of g-Yang-Mills connections on P near points of 
curvature concentration in X and then near points of curvature concentration in copies of S^, 
one obtains a sequence of ^f^-Yang-Mills connections over a connected sum of X and copies of 
associated with vertices of the trees arising in the bubble-tree closure of Cnt{P, g,^), where 
is a Riemannian metric on the connected sum that is conformally equivalent to g. 

We prove that Crit(P, g, ‘^) is covered by finitely many suitably-defined coarse bubble-tree 
open neighborhoods and hence we prove Theorem [1] by showing that the energies of Yang-Mills 
connections must coincide if they belong to any one such small-enough neighborhood. 

1.9.4. Bubble-tree closures and Sobolev metric completions of moduli spaces of Yang-Mills con¬ 
nections. The restriction of the W^’‘^ distance function ()1.4p on ^{P,g) to the moduli subspace 
Cidt{P, g,^) of Yang-Mills connections with energies in a compact subset ^ <s [0,oo) yields 
the metric dist^i, 2 (-, •) on Crit(P, 5 ,^). The proof of Proposition 14.91 suggests that Crit(P, 5 ,^) 
should have infinite volume and diameter with respect to the infinitesimal Riemannian met¬ 
ric. The fine bubble-tree closure of Crit(R, g, should be equal to the completion of Crit(P, g, 
with respect to disti.yi, 2 (-, •). See Remark 13.201 for a discussion of the corresponding results re¬ 
lating the Uhlenbeck closure of Cnt{P, g,^) and the completion of Crit(P, 5 ,*^) with respect to 
dist£ 2 (•,•); our article [32] and those of Groisser and Parker jH] 02] [l3| and of Peng |69l [70] 
and the references cited therein contain further results concerning the relationship between the 
Uhlenbeck closure and metric completion of M{P,g). 

When P is a principal SU(2) bundle over 5^ with its standard metric of radius one and 
C 2 {P) = 1 and we restrict our attention to the moduli space M(P, g) of anti-self-dual connections, 
the results of Doi and Kobayashi [2l], and Matumoto [H] prove that infinitesimal metrics on 
M{P,g) — which should be comparable to dist^yi, 2 (-, •) — are complete and have infinite volume 
and diameter. See also the work of Babadshanjan and Habermann [ 6 ]. Matumoto [5l] considers 
the metrics 

(gii)[A](a)^) := (PAdAa,IlAdAb), \/a,b e Q^{X;adP), 
where IIa ■ L‘^{X;A^ (g) adP) denotes P^-orthogonal projection onto adP))-*-, and 

(gi-ii)[A](«,^) := {dAPAa,dAllAb), Va,6 e n^(X;adP), 

where Ha ■ (g) adP) denotes P^-orthogonal projection onto Kerd^ n n^(Y;adP) = 

{dA^,^{X] adP))-^. For X = and G = SU(2), the metric gn has a constant negative sectional 
curvature — 5/(327r^), so this metric is hyperbolic and complete, while the metric gi_ii has negative 
sectional curvature everywhere and is also complete. 

1.10. Outline of the article. The content of each of the following sections is accompanied by 
its own introduction, so we shall just briefly indicate the overall structure of the remainder of our 
article. Section [2| provides definitions of analytical and topological concepts in gauge theory which 
we shall need throughout our article. Section [3| develops results concerning Uhlenbeck convergence 
for a sequence of Yang-Mills connections with a uniform bound on their curvatures. In Section 
m we discuss the definitions and properties of the mass center and scale maps on the quotient space 
of connections over the sphere. Section [5] initiates our development of bubble-tree convergence 
properties of a sequence of Yang-Mills connections with a uniform bound on their curvatures. 
In Section [ 6 l we describe the construction of smooth Riemannian metrics on connected sums of 
X and copies of 5^, as prescribed by bubble-tree data. In Section [7| we explore the relationship 
between bubble-tree open neighborhoods of the moduli space of Yang-Mills connections 

with a uniform bound on their curvatures and the global distance between pairs of 
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connections, separately analyzing the case of fine and coarse bubble-tree neighborhoods. We 
conclude in Section [8] with a discussion of the Lojasiewicz-Simon gradient inequality and show 
how a version of this inequality for the Yang-Mills L^-energy functional and the bubble-tree 
compactification for the moduli space of Yang-Mills connections with a uniform bound on 
their curvatures yield the main results of this article. 

1.11. Acknowledgments. I would like to thank George Daskalopoulos and Richard Wentworth 
for their explanations of results for the Yang-Mills L^-energy functional over Riemann surfaces and 
Kahler surfaces, Tom Leness for allowing me to include sections from our forthcoming monograph 
on gluing SO(3) monopoles and anti-self-dual connections [35], Tim Nguyen for his comments 
on a preliminary draft of this article, Lorenzo Sadun for his explanations of results for non- 
minimal Yang-Mills connections, and Cliff Taubes for explanations of his results on Morse theory 
for the Yang-Mills L^-energy functional over four-dimensional manifolds. I am grateful to the 
Department of Mathematics at Rutgers University for research support and the Department of 
Mathematics at Columbia University for their hospitality during the preparation of this article. 


2. Preliminaries 


We shall generally adhere to the now standard gauge-theory conventions and notation of Don¬ 
aldson and Kronheimer |28|, Freed and Uhlenbeck |36|, and Friedman and Morgan [33; those 
references and our monograph m also provide the necessary background for our article. 


2.1. Sobolev spaces and connections. Throughout our article, G denotes a compact Lie group 
and P a smooth principal G-bundle over a smooth manifold, X, of dimension d> 2 and endowed 
with Riemannian metric, g. We denote := A\T*X) for integers I > 1 and = A x M, and 
let adP := P Xad 0 denote the real vector bundle associated to P by the adjoint representation 
of G on its Lie algebra. Ad : G 3 Ad^ £ Autg, with fiber metric defined through the Killing 
form on g. Given a C°° reference connection. A, on P, we let 

Va or A' ® adP) ^ T*X ® A^ 0 adP), 

dA : C°°(A;A' ® adP) ^ A^+i 0 adP), I £ N, 


denote the covariant derivative |28l Equation (2.1.1)] and exterior covariant derivative jSH] Equa¬ 
tion (2.1.12)], respectively, defined by the connection A on P and Levi-Civita connection for the 
Riemannian metric, g, on the tangent bundle, PA, and all associated vector bundles. We write 
the set of non-negative integers as N and abbreviate D^(A; adP) := (7°°(A; A^ (8)adP), the Erechet 
space of G°° sections of A^ (g) adP. 

More generally, given a Hermitian or Riemannian vector bundle, P, over A and covariant 
derivative, V^, which is compatible with the fiber metric on E, we denote the Banach space of 
sections of E of Sobolev class W^’^, for any A: £ N and p £ [l,oo], by 1U^’^(A;P), with norm, 

\ i/p 

V-j^ul^dvolg I , 

when 1 < p < oo and 



k 

(2.2) := ^ess sup|V^u|, 

1=0 ^ 


otherwise, where v £ 1 U^’^(A;P). 
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2.2. Sobolev embeddings and Kato inequality. Suppose that U C is an open subset 
obeying an interior cone condition [H Section 4.6] with cone k and d > 2. We recall from [U 
Theorem 4.12] that there are continuous embeddings, 


(2.3) W^’P{U-,R) 


< L^{U;R), 


for kp < d and p > 1 and p < q < p* '■= dp/{d — kp), 
for kp = d and p < q < oo, 
for kp > d and p > 1, 


for p > 1 and integers k > 0, where the norm of the embedding depends at most on k, p, and k. 
If U obeys the strong local Lipschitz condition [H Section 4.9], then Cb{U',R) may be replaced 
by C{U;R) in (12.3p . 

If {X, g) is Riemannian smooth manifold that is closed, compact with boundary, or complete, 
and having bounded geometry in the sense of injectivity radius having a uniform positive lower 
bound, ^0) and Riemannian curvature tensor with uniform bounds on its covariant derivatives 
with respect to the Levi-Civita connection, then the preceding local embeddings take the form 

L'?(X, g] M), for kp < d and p > 1 and p < q < p* := dp/{d — kp), 

L'^{X,g]R), for kp = d and p < q < oo, 

Cb{X, g;R), for kp > d and p > 1, 

where the norm of the embedding depends at most on k, p, and jjV^Riemg and the 

norm on the Banach spaces Wg'^{X',R) is defined via (|2.1I) or (|2.2I) . with covariant derivative, 
replaced by (Levi-Civita connection). 

The Sobolev Embedding [H Theorem 4.12] may be usefully combined with the pointwise Kato 
Inequality lag Equation (6.20)], 


(2.4) W^'P{X;R)^< 


(2.5) < IVau] a.e. on X, 

for a section v € W^’'^{X; E) of a Hermitian or Riemannian vector bundle, E, over X and 
covariant derivative, Va, which is compatible with the fiber metric. The embeddings then yield 
the estimates, 

1 < p < d and p < q < p* := dp/{d — p), 
p = d and p < q < oo, 
p > d and q = oo, 

for a constant, C € [l,oo), that is independent of the connection, A. 


(2-6) \\v\\Li{x,g) < for < 


2.3. Gauge transformations and quotient space of connections. We let £/ (P) denote 
the affine space of connections on P of Sobolev class for p > 2 and integer k > 1 and 

Aut P denote the Banach Lie group of automorphisms (or gauge transformations) of Sobolev 
class of the principal G-bundle, P, for p > 2 and integer A: > 1 obeying [k + l)p > d, so 

W^’P{X) ^ C{X) is a continuous Sobolev embedding by (12.4h . 

We let A§{P,g) := s^(P)/ Aut P denote the quotient of the affine space of connections, £/{P), 
of class modulo the action of the group, Aut P, of automorphisms of P of class for 

p > 2 and integer A: > 1 such that (A: -|- l)p > d. We refer to [28l Section 4.2] or [36l Chapter 
3] for constructions of the Banach manifold structures on AutP and ^*{P,g), where we recall 
that ^*{P,g) C tI§{P,g) is the open subset gauge-equivalence classes of connections on P whose 
isotropy group is the center of G [28l p. 132]. 
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2.4. Curvature of connections. Many of our calculations require local expressions for con¬ 
nections or curvature, so we shall review the relevant facts here. For further details regarding 
connections on principal bundles and curvature, see Bleecker [71 Chapter 2], Donaldson and Kro- 
nheimer |28l Section 2.11, Jost HHl Section 4.11, Kobayashi 091 Section l.ll, and Kobayashi and 
Nomizu m Section 2.5]. 

Let G be a Lie group with Lie algebra g. Following [71 Chapter 2], given a smooth manifold, 
Z, and a, 6 £ g), one defines [a, b] := ^ a“ A 6^ [Ea, E/^], where {Ea} is a basis for g and 

a = a°^E(y and h = b^Ep. Let P be a smooth principal G-bundle over a smooth manifold, X. 
If ^ £ D^(P;g) is a (global) connection one-form, then its curvature is [71 Theorem 2.2.4], |50l 
Theorem 2.5.2] 

Fa = dA — [^4, ^] £ (P; g), 

where d : D^(P, g) —)• D^+^(P;g) is exterior derivative for g-valued forms on P. If G is a matrix 
Lie group with matrix Lie algebra g, then [o, 6] = aAb + bAa, where a A 6 is defined by matrix 
multiplication with entries multiplied by wedge product, and then one may alternatively write 
[71 Theoreml 2.2.12 and Corollary 2.2.13] 

FA = dA + AAA£ D2(P;g). 

Given a local section a : U ^ P, where P C X is an open subset, and denoting a = a*A £ 
; g), we have 

a*F a = da +-[a, a] or da-|-a A a £ D^(P; g), 

where the first expression is valid for any Lie group and the second expression is valid when G 
is a matrix Lie group. We may regard Fa as an element of D^(P;g) or D^(X;adP), due its 
transformation property with respect to local gauge transformations [71 Theorem 2.2.14], [49 1 
Equation (1.1.14)]. 

With respect to local coordinates on X, say x(-) = on an open subset U C X, the 
local expressions for the curvature a*F a £ D^(P, g) in terms of the local connection one-form 
a*A £ D^(P,g) are given by 061 Equation (4.1.27)], 

a* Fa = dx^ ^ dx’^ 

1 / dap dan , A , ,, , „ 

where the first expression is valid if G is a matrix group. We write (compare [28) Equation 
(2.1.17)], 

dap da^^ , 

Ff,p = ^--^ + [a^,ap], l<fi,u<d. 

Of course, the same expressions hold for connections. A, of Sobolev class for p > 2 and 

integer k > 1, albeit only almost everywhere unless kp > d, where X has dimension d. 
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2.5. Yang-Mills energy functional and Yang-Mills connections. The Yang-Mills L^-energy 
functional, S’g : £/{P,g) —[ 0 , oo), given by ( 11 . 11 ) is gauge-invariant and thus descends to a func¬ 
tion on the quotient space, S’g : SS{P,g) —)• [0, oo). 

A connection, A on P, is a critical point of Sg — and by dehnition a Yang-Mills connection 
with respect to the metric g — if and only if it obeys the Yang-Mills equation with respect to 
the metric g, 

(2.7) d*J^FA = 0 a.e. on X, 

since d*J^FA = Sg{A) when the gradient of S = Sg is defined by the metricQ [28l Section 
6 . 2 . 1 ], [l 2 ] and d\ = d*J^ : n^(X;adP) —n^“^(X;adP) is the adjoint of dA '■ fl^(X;adP) —)■ 
adP), for integers I > 1. 

2.6. Classification of principal G-bundles. In this subsection and in Section [2.71 we summa¬ 
rize the main points of lai Section 9] , which extends the discussion in Donaldson and Kronheimer 
[28l Sections 2.1.3 and 2.1.4] to the case of compact Lie groups, and is based in turn on Atiyah, 
Hitchin, and Singer [3], Milnor and Stasheff [56l Section 15 and Appendix C], Sedlacek [83l 
Appendix], Steenrod [90], and Taubes |92l Appendix]. 

We assume in this subsection that X is a closed, four-dimensional, oriented, topological mani¬ 
fold and that G is a compact semisimple Lie group. We recall from |83( Appendix], |92[ Proposi¬ 
tions A.l and A.2] that a topological principal G-bundle, P over X, is classified up to isomorphism 
by a cohomology class t]{P) G P^(X; 7 ri(G)) and its first Pontrjagin classes, p^fiP) G P'^(X;Z), 
or equivalently, first Pontrjagin degrees, {p{{P),[X]) G Z, where [X] G P 4 (X;Z) denotes the 
fundamental class of X and 1 < j < Jg, where the integer jg > 1 is the number of non¬ 
trivial simple ideals comprising the semi-simple Lie algebra g of G. The topological invariant, 
7] G P^(X; 7 ri(G)), is the obstruction to the existence of a principal G-bundle, P over X, with a 
specified Pontrjagin degrees. 

2.7. Absolute minima of the Yang-Mills P^-energy functional. In addition to the as¬ 
sumptions of Section 12.61 we require that P and X be smooth and that X be equipped with a 
Riemannian metric, g. For any G°° connection. A, we recall that the curvature Fa splits into its 
( 7 -self-dual and ( 7 -anti-self-dual components [28l Equation (2.1.25)], 

(2.8) Fa = fX'^ © P“’^ G D2(X; adP) = D+’5(X; adP) © ^-’^(X; adP), 

corresponding to the positive and negative eigenspaces, A^’^, of the Hodge star operator *g : 
A^ —)• A^ dehned by the Riemannian metric, g, so [92( Equation (1.3)] 

(2.9) fX'^ = ^ * 3 )Fa G D±’^^(X; adP). 

Of course, similar observations apply more generally to connections. A, of Sobolev class for 
p > 2 and integer A: > 1. 

If A is ( 7 -self-dual, that is, Fj^’^ = 0 on X, then the Chern-Weil formula (56] Appendix C], [9^ 
Appendix] implies that the components of the Pontrjagin vector for P are non-negative; if A is 
( 7 -anti-self-dual, that is, fX’^ = 0 on X, then the Chern-Weil formula implies that the components 
of the Pontrjagin vector of P are non-positive. 

By the Chern-Weil formula, a connection, A on P, attains the absolute minimum value of the 
Yang-Mills L^-energy functional Sg in (II.1|) if and only if A is g(-self-dual when the components of 

^We omit the customary factor of 1/2 in the definition (11.11) of Sg for convenience in this article and compensate 
by defining the P metric to be 2(a,b)i^2(^x)^ Dr u,b € P^(X;adP). 
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the Pontrjagin vector of P are non-negative or A is gf-anti-self-dnal when the components of the 
Pontrjagin vector of P are non-positive. If A is 5 -self-dual or 5 -anti-self-dual, then the Chern-Weil 
formula gives an expression for the absolute minimum value of S’g in terms of the components of 
the Pontrjagin vector for P. Consequently, the 5 -self-dual or 5 -anti-self-dual connections on P 
comprise the absolute minima or ‘ground states’ for S’g. 

2.8. Miscellaneous notation. In the sequel, constants are generally denoted by C (or C{*) 
to indicate explicit dependencies) and may increase from one line to the next in a series of 
inequalities. We write e G (0,1] to emphasize a positive constant that is understood to be small 
or iP G [ 1 , 00 ) to emphasize a constant that is understood to be positive but finite. An open 
ball in with center x and radius r may be denoted by Br{x) or B{x,r), depending on the 
context. When there is no ambiguity, we suppress explicit mention of the underlying Riemannian 
metric, 5 , from differential operators or Sobolev spaces and write = Va, and * = *g, and 
d\ = and = d^’^, and S’ = Sg, and , and Wg'^{X) = and similarly 

elsewhere. Manifolds, principal bundles, and Riemannian metrics are always smooth. For a 
Riemannian manifold, (X, 5 ), we denote its injectivity radius at a point x G X by Inj,j,(X, 5 ) and 
let Inj(X, 5 ) := infj,^^ Inj,j,(X, 5 ). 

3 . UhLENBECK CONVERGENCE FOR A SEQUENCE OF YANG-MiLLS CONNECTIONS WITH A 

UNIFORM BOUND ON CURVATURE 

In Section 13.11 we develop an Uhlenbeck convergence result (Theorem 13.11) for a sequence of 
Yang-Mills connections with a uniform bound on their curvatures. Section 13.21 contains a 
definition of the Uhlenbeck topology and provides Uhlenbeck compactness results for the moduli 
space of anti-self-dual connections, M(P, 5 ); Section [3.31 contains the corresponding definitions for 
the moduli spaces of Yang-Mills connections, Crit(P, 5 ,^), with L^-energies in a compact range 
'S C [ 0 , 00 ). 

3.1. Uhlenbeck convergence for a sequence of Yang-Mills connections with a uniform 
bound on curvature. In |831 Theorem 3.1 and Lemma 3.4], Sedlacek extends Uhlenbeck’s 
Weak Compactness Theorem |ir)0( Theorem 1.5 = Theorem 3.6] from the case of a sequence of 
connections, with a uniform LP(X)-bound on curvature, on a principal G-bundle over a closed, 
four-dimensional, Riemannian, smooth manifold, X, from the case of p > 2 to p = 2. Moreover, 
in |83l Proposition 4.2 and Theorem 4.3], Sedlacek applies his Weak Compactness Theorem to the 
case of an L^-energy minimizing sequence of W^’’^ connections, {AmjmeN OR P, where A: > 1 and 
p > 2 obey {k + l)p > 4. Our purpose in this section is to describe a simple refinement (Theorem 
13.ip of Sedlacek’s Weak Compactness Theorem for the case where {AmjmeN is a sequence of 
Yang-Mills connections, thus obtaining an analogue of [281 Theorem 4.4.4], which provides weak 
compactness for sequences of anti-self-dual connections on P. A result similar to Theorem 13. II was 
proved by Taubes as |95l Proposition 5.1], |93l Proposition 4.4] and the main ideas involved in their 
proofs are essentially equivalent. One may also view Theorem 13. II below as a sequential analogue 
of |31l Theorems 29.3 and 29.4], an Uhlenbeck compactness result for Yang-Mills gradient flow. 
Analogues of Theorem 13.11 for closed Riemannian manifolds, X, of dimension d > 5 are given by 
Nakajima [63], Tian [98], and Zhang [109] . 

Theorem 3.1 (Uhlenbeck convergence for a sequence of Yang-Mills connections with a uniform 
bound on curvature ). Let G be a compact Lie group and P be a principal G-bundle over 
a closed, connected, four-dimensional, smooth manifold, X, and endowed with a Riemannian 
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metric, g. is a sequence of g-Yang-Mills connections on P of class with k>l 

and p>2 obeying {k + l)p > A, with bounded L'^-energy, 

sup \\Fa’^\\l^(x) < oo, 

mSN 

then there exist 

(1) A sequence of gauge transformations, {umjmeN C Aut(P), of class ; 

(2) An integer, I > 1, and, if I >1, a finite set of points, x = {xi,... ,xi} C X; 

(3) A g-Yang-Mills connection, A°° of class W^’^, on a principal G-bundle, Poo, over X \ x.; 

(4) A gauge transformation, Uoo G Aut(Poo \ X \ x.) of class such that Uoo{A°^) 

extends to a g-Yang-Mills connection, A°° of class W^’^, on a principal G-bundle, Poo, 
over X with ri{Poo) = rj{P), 

such that the following hold: 

(1) The sequence {um,(A™)}mGN converges as m —)■ oo in the sense ofw!M{X \ x) to A°°; 

(2) If I >1, the points, Xi G x, are characterized by positivity of the limit}a, 

(fj := limlimsup / dvolg >0, I <i <1, 

r->-0 m-i>oo JBr(xi) 

and the sequence of measures, \Fa^\‘^ dvolg, converges asm ^ oo in the weak-star topology 
to the measure, \Fa°°\‘^ dyolg+ that is, 

i 

{Fa^I"^ dvolg ^ \Fa°°\‘^ dvolg p'^^S’idxi in (C(A;M))' as m —)■ oo, 

i=l 

where 6x is the Dirac delta measure centered at x G X. 

(3) If in addition the sequence is absolutely minimizing in the sense that 

(3.1) \\^a^\\l 2 (x) ^ 0 asm^oo, 

then is a g-anti-self-dual connection. 

Remark 3.2 (Comparison with previous results of Taubes). Theorem 13.11 has antecedents in [95l 
Proposition 5.1], [93l Proposition 4.4] where, rather than assume that {A”^}mGN is a sequence of 
Yang-Mills connections (with bounded L^-energy) on P, Taubes instead assumes that {A”^}mGN 
is a sequence of arbitrary connections on P such that 

S’g{A'^) -A E and ]]^_i, 2 ^^^ —^0, as m ^ oo, 

where PI is a finite constant and we recall that S'[A) = d*J^ Fa is the gradient of the Yang-Mills 
energy functional at a connection. A, on P. (See the statement of |95l Proposition 5.1] and 
the discussion in [951 pp. 340-341].) The stronger conclusions in Theorem 13.11 are, naturally, a 
consequence of its stronger hypotheses relative to m Proposition 5.1]. 

We shall just indicate the changes required to the proof of |28l Theorem 4.4.4], namely, the en¬ 
hancements required to strengthen the notion of convergence in [831 Proposition 4.2 and Theorem 
4.3] to that described in the conclusions of Theorem 13.11 We first summarize the main technical 
ingredients that we shall require from Uhlenbeck [10011101] . specialized from the setting of a base 
manifold of arbitrary dimension to one of dimension four. 

^For the sake of convenience, we omit from the expression for the energy constants, Si, the factors of 1/2 
employed in the related expression (EH) for the Yang-Mills energy function, S. 
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Theorem 3.3 (Existence of a local Coulomb gauge and a priori estimate for a Sobolev connection 
with L'^/^-small curvature). [1001 Theorem 1.3 or Theorem 2.1 and Corollary 2.2] Let d >2 be an 
integer, G be a compact Lie group, and p G [d/2,d). Then there are constants, C = C{d,G,p) G 
[l,oo) and s = e{d,G,p) G (0,1], with the following significance. Let A be a connection of class 
on B X G such that 

(3.2) ||Tl4||j;,d/2(5) < e, 

where B C is the unit ball with center at the origin. Then there is a gauge transformation, 
u : B ^ G, of class W'^’^ such that the following holds. If A = 0 + a, where 0 is the product 
connection on B x G, and u{A) = 0 + u~^au + u~^dQU, then 

dQ{u{A) — 0) = 0 a.e. on B, 

{u{A) — 0)(n) = 0 on dB, 

where n is the outward-pointing unit normal vector field on dB, and 

(3.3) ll^(^) — 0 |IvfFp(s) < C'II-^aIIlp(r)- 

Remark 3.4 (Dependencies of the constants in Theorem 13.3p . The statements of [1001 Theorem 
1.3 or Theorem 2.1 and Corollary 2.2] imply that the constants, e and G, in estimate (13.3|) only 
depend the dimension, d, of the ball, B. However, their proofs suggest that these constants may 
also depend on G and p through the appeal to an elliptic estimate for d© + dg in the verification 
of |100[ Lemma 2.4] and arguments immediately following. 

Remark 3.5 (Construction of a transformation to Coulomb gauge). We note that if A is 

of class W^’^, for an integer A: > 1 and p>2, then the gauge transformation, u, in Theorem 13.31 
is of class see |10r)[ page 32], the proof of [IDOl Lemma 2.7] via the Implicit Function 

Theorem for smooth functions on Banach spaces, and our proof of m Theorem 1.1] — a global 
version of Theorem 13.31 

An examination of the proof of Theorem 13.31 in [100] yields the 

Corollary 3.6 (Existence of a local Coulomb gauge and a priori estimate for a Sobolev connec¬ 
tion with L'^/^-small curvature). [301 Corollary 4.4] Assume the hypotheses of Theorem 19. but 
allow p in the range d/2 <p< oo. Then the conclusions of Theorem \S.S\ continue to hold. 

Proof. We need only consider the case d < p < oo. Writing u{A) = 0 + d, we have = 

F© + d©d -|- d A d and F© = 0 and so, because dgd = 0 by Theorem 13.31 

ll(d© + d©)dll^p(B) = ||d©dllip(5) = ||Tu(a) — o A dllip(g) 

^ \\^u{A)\\lp{B) + ll« A dllip(5) 

< II-^a||i,p(b) +2||dll|2p(g) 

< II-^a||i,p(r) + C'oljdll 

for Go = Go{d,p), noting that we have a continuous Sobolev embedding, W^’'^{B) “—)• L’' (F) for 
r* = dr/{d — r) and any r G [l,d), by (12.3p : we set r* = 2p to determine r = 2pd/{d + 2p) and 
thus r G [2d/3, d) when p G [d, oo). But Theorem 13.31 implies that 

l|o||vFiv(B) < C'iII-^aIIl'-(B), 

for Cl = Gi{d,G,p), since ||-C 4 ||j;,d/ 2 ( 5 ) < e by (13.2K . From the interpolation inequality [39l 
Equation (7.9)] we have 
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noting that (i /2 < r < d < p and Ijr = Xj{d/2) + (1 — X)/p for suitable A G (0,1). Thus A obeys 

1 _ 1 1 _ 2A 1 - A 
r 2p d d p ’ 

and we see that A = 1/2. By combining the preceding inequalities, we obtain 

\\{de + dQ)d\\ip(^B) < II-^aIIlp(b) + C'oC'i 

< II-^aIIlp(B) + CoCf\\FA\\id/2(^B)\\d^A\\LP{B) 

< [I + CqCI£)\\Fa\\lp{B)- 

Combining the preceding inequality with the elliptic estimate, for C 2 = C 2 {d,p,G), 

ll®lliyLP(_B) ^ C' 2 ||('i 0 + <^e)h||LP(B)! 

employed by Uhlenbeck in her proof of Theorem 13.31 now completes the proof of Corollarv l3.6l □ 

When p > d/2 in Corollary 13.61 we have a continuous Sobolev embedding W‘^'^{B) ^ C{B) by 
(123]), and hence a useful analogue for an annulus instead of a ball, albeit at the cost of a stronger 
hypothesis on the curvature. Let fl(r, ii) := Bji — B^ C denote the open annulus with center 
at the origin and radii r < R. The following result is a special case of [1021 Corollary 4.3] due to 
Uhlenbeck. 

Theorem 3.7 (Existence of a local Coulomb-gauge trivialization and a priori estimate for a 
Sobolev connection with LP-small curvature over an annulus). Let d > 2 be an integer, G be a 
compact Lie group, p G {d/2, 00 ), and p G (0,1). Then there are constants, G = G{d,G,p, p) G 
[1, co) and e = e{d, G,p, p) G (0,1], with the following significance. Let A be a connection of class 
on Lt{p/2,2) X G such that 

(3-4) \\FA\\Lp{n{p/2,2)) < 

Then there is a gauge transformation, u : Ll{p/2,2) -A G, of class W^f//{Q{p/2,2)) such that 
the following holds. If A = 0 + a, where 0 is the product connection on Q{p/2,2) x G, and 
u{A) = 0-1- u~^au + u~^dQU, then 

(i 0 (u(A) — 0) = 0 a.e. onLl{p,l), 

and 

(3-5a) ll^(^) - 0 |lvFLP(r 2 (p,i)) < C'||-^A||LP(n(n(p/ 2 , 2 )))! 

(3.5b) \\u{A) - 0||wi,d (r2(p,l)) ^ ^ll■^A|lLd/2(Q(Q(p/2,2)))• 

Proof. See the proof of IMl Theorem 5.1] for a detailed justification. □ 

Theorem 3.8 {A priori interior estimate for the curvature of a Yang-Mills connection). |101l 
Theorem 3.5] If d > 2 is an integer, then there are constants, Kq = KQ{d) G [l,oo) and Eq = 

So{d) G (0,1], with the following significance. Let G be a compact Lie group, p > 0 be a constant, 

and Abe a G°° Yang-Mills connection with respect to the standard Euclidean metric on B2p{0)xG, 
where Br{xo) C is the open ball with center at xq G and radius r > 0. If 

(3-6) \\d^A\\Ld/'2{B2p{0)) — ^ 0 , 

then, for all Br{xo) C Bp{0), 

(3-7) \\F'A\\L°°{Br{xo)) < d<:or~‘^^‘^\\FA\\L2{Br{xo))- 
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As Uhlenbeck notes in [1011 Section 3, first paragraph], Theorem 13.81 continues to hold for 
geodesic balls in a manifold X endowed a non-flat Riemannian metric, g. The only difference in 
this more general situation is that the constants K and e will depend on bounds on the Riemann 
curvature tensor, R, over B 2 p{xo) and the injectivity radius at xq G see Remark f7.5l and Aubin 
[H Chapter 1]. We can use Theorem 13.81 to obtain the following stronger version of Theorem 13.71 


Corollary 3.9 (Existence of a local Coulomb-gauge trivialization and a priori estimate for a 
Yang-Mills connection with L^-small curvature over an annulus). Let d > 2 be an integer, G he 
a compact Lie group, p G {d/2,oo), and p G (0,1). Then there are constants, C = C{d,G,p, p) G 
[l,oo) and e = e{d,G,p, p) G (0,1], with the following significance. Let A be a Yang-Mills 
connection of class W^’'p on Q{p/2,2) x G such that 


(3.8) 


I|-^a||l2(q(p/2,2)) < £■ 


Then the conclusions of Theorem \3.1\ continue to hold. 


We shall need an interior a priori estimate and regularity result for a Yang-Mills connection in 
Coulomb gauge with respect to the product connection, analogous to [28l Theorem 2.3.8] for the 
case of an anti-self-dual connection. Although we apply Theorem 13.81 to simplify and shorten an 
otherwise longer proof, it is possible (as in [28]) to avoid appealing to Theorem 13.81 and instead 
rely more on Sobolev Embedding and Multiplication Theorems [361 pp. 95-96]. 


Proposition 3.10 (Interior a priori estimate and regularity result for a Yang-Mills connection 
in Coulomb gauge). Let d>2 be an integer, G be a compact Lie group, k > 1 be an integer, and 
p G [l,oo) be a constant. Then there are constants, G = C{d,G,k,p) G [l,oo) and e = e{d,G) G 
( 0 , 60 ]? for Eq as in ()3.6I) . with the following significance. Let p be a positive constant and A be a 
Yang-Mills connection of class on B 2 p xG <zMfixG whose curvature. Fa, obeys (13.6p and is 
in Coulomb gauge over Bp with respect to the product connection, 0 on x G, so ^^(A —0) = 0 
a.e. on Bp, and has its standard Euclidean metric. Then A is of class W‘^f^{B 2 p) n W^f^{B 2 p) 
and 


(3.9) ||V|(A-0)|U.(b^/^) 


Proof. We denote a := A — Q for brevity. We first reduce to the case p = 1 and then apply 
rescaling, y = xjp, for x & Bp and y G Ri, to obtain the responding result for a ball of arbitrary 
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radius p > 0, writing a{x) = d{y) and Fa{x) = F^{y). Thus, 

/ „ \ i/P 


= I / \vU^{x)dx 


B 


p/2 




1/p 


\ 1/P 

/ |V|a|P(y)di/ 

'Bi/2 / 


_ 1IIaII 

< (by ([321) with p = l) 

^Cpd/p-k-i(^l^ |F^| 2 (y)dy) ' 





1/2 


For the remainder of the proof, we may therefore assume that p = 1- 

Moreover, we may restrict our attention to the case d/2 < p < d without loss of generality, since 
the estimate ()3.9p with values oi p > d can be obtained with the Sobolev Embedding [H Theorem 
4.12] and the estimate (j3.9p with values of p G [l,(i/2] follows from the Holder Inequality. 

We first observe that a G H©’ (i? 2 ;A^ (g) g) is a strong solution to the quasi-linear elliptic 
system, 

d©+aF©+a = 0 and d^d^a = 0 a.e. on B 2 , 

where the first equation asserts that A = 0 + a is a Yang-Mills connection and the second 
equation follows from the fact that A is in Coulomb gauge with respect to 0 over B. Expanding 
F©+a = (i©a + a A o, we see that a G {B 2 ] (g) g) is a strong solution to 


(3.10) 


A©a -|- a X V©a -|-axaxa = 0 a.e. on H 2 , 


where A© = d©(i© + (/©d© and we use ‘x’ to denote a bilinear operation with universal constant 
coefficients. Theorem 13.81 (with r = 1/2 and p = 1 and xq = 0 G M'^) yields 

\\Fa\\l°°(b) < Ko\\Fa\\l^[b)^ 

while Theorem 13.31 (for small enough e G (0,1] in (|3.2p l implies that, for d/2 < p < d, 

for C = C{d,G,p), noting that W^’P{B) L'^iB) by the Sobolev Embedding (12.3p when q = 
dp/{d — p), for 1 < p < d, and 1 < g < 00 when p = d, and q = 00 when p > d. The interior a 
priori estimate for h G (g) g), 

(3-11) ^ ’ 

for C = C{d,G, k,p) and regularity theory [59] for a solution, b G W‘^/'^{B] (g) g), to a linear 

elliptic system, 

Aeb = fGW^’P{B-A^^Q), 

and the Sobolev Multiplication Theorems |36l PP- 95-96] then yield the conclusions by adapt¬ 
ing mutatis mutandis the proof of [281 Theorem 2.3.8]. For example, [311 Theorems 13.29 and 
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13.33] provides a global version of the estimate (13.lip (with a homogeneous Dirichlet boundary 
condition) for a second-order elliptic system on a bounded open subset fl C when k = 0 
and that estimate may be converted to an a priori interior estimate like (|3.11l) using the Krylov 
localization technique |52l Section 2.4, Lemma 4] or [521 Theorem 8.11.1]. The a priori estimate 
(13.lip for k > 1 follows from the case with fe = 0 by induction (see, for example, the derivation 
of [39l Theorem 8.10] from [39l Theorem 8.8]). □ 

Lastly, we shall need the 

Theorem 3.11 (Removability of singularities for finite-energy Yang-Mills connections). |101l 
Theorem 4.1] Let G he a compact Lie group, k > 1 be an integer and p G [2,oo) be a constant 
such that {k l)p > 4, and A he a Yang-Mills connection, of class W^’^, on a principal G-bundle 
over R \ {0}, where B (ZMf is the unit ball centered at the origin, such that 

\\Fa\\l^(b) < oo - 

Then there is a gauge transformation, u G Aut(P ( B \ {0}), such that the gauge- 

transformed connection, u{A), extends to a Yang-Mills connection. A, on a principal G- 

hundle P over B. 

Remark 3.12 (On the regularity of the connections in Uhlenbeck’s Removable Singularities The¬ 
orem for Yang-Mills connections). Uhlenbeck assumes that the given connection, A, in |101l 
Theorem 4.1] is C°°. This assumption implies no loss of generality and reduces notational clutter 
in the statement and proof of her theorem. Nevertheless, as we wish to keep track of the regu¬ 
larity of all connections and gauge transformations, we provide the minimal regularity assertions 
in Theorem 13.111 

Remark 3.13 (Uhlenbeck’s Removable Singularities Theorem for finite-energy Sobolev connec¬ 
tions). Uhlenbeck provides a generalization [1021 Theorems 2.1 and 4.5 and Corollary 4.6] of 
Theorem 13. Ill which removes the requirement that A be Yang-Mills. 

We can now quickly dispose of the 

Proof of Theorem \3.1[ The argument follows mutatis mutandis that of [281 Theorem 4.4.4], with 
the roles of a) [28l Theorem 2.3.7] replaced by Theorem 13.31 b) [28l Theorem 2.3.8] replaced 
by Proposition 13.101 and c) [281 Theorem 4.4.12] replaced by Theorem 13.111 The inequalities, 
p\{adP)[X] < p\{adPcxi)[X] < 0 for all i, are consequences of the Chern-Weil formula [3ll Section 
9]. (The detailed arguments required in the proof of Theorem 13. II are very similar, indeed simpler, 
than those required in the proofs of [311 Theorems 29.3 and 29.4].) □ 

3.2. Uhlenbeck compactification for the moduli space of anti-self-dual connections. 

In this section, we provide a few simple extensions of the concepts of ideal connection, Uhlenbeck 
convergence, and Uhlenbeck topology from the setting of anti-self-dual unitary connections on a 
complex Hermitian vector bundle over X described in [281 Section 4.4.1]. 

Definition 3.14 (Moduli space of ^-anti-self-dual connections). Let G be a compact Lie group 
and P be a principal G-bundle over a closed, connected, four-dimensional, smooth manifold, X, 
and endowed with a Riemannian metric, g. Let /c > 1 be a integer and p > 2 obey {k + l)p > 4 
and jY(P, g) denote the affine space of connections on P. Then 

M{P,g) := |a G £^{P,g) : P|’^ = 0 a.e. on y} /Aut(P), 

is the moduli space of gauge-equivalence classes of g-anti-self-dual connections on P, where Aut(P) 
denotes the group of gauge transformations of P. 
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We extend the description |28l Definition 4.1.1 and Condition 4.1.2] of Uhlenbeck convergence 
for a sequence of anti-self-dual unitary connections on a complex Hermitian vector bundle. 

Definition 3.15 (W[o]f Uhlenbeck convergence of a sequence of Sobolev connections). Let G be 
a compact Lie group and P be a principal G-bundle over a closed, connected, four-dimensional, 
smooth manifold, X, and endowed with a Riemannian metric, g. Let be a sequence of 

connections on P of class with p> 2 and integer k > 1 obeying (k + l)p > 4 and 

E := limsupffg(A”^) < oo. 

m^oo 

Let A°° be a connection on a principal G-bundle Poo over X with p{Poo) = viP)- Lot > 0 

be an integer and, if > 1, let (x, E) G Sym^(X x [0, P]). For 2 < p < p and integer 0 < k < k, 
we say that converges in the Uhlenbeck topology to an ideal connection, 

(^°°,x,E), on P if there exists a sequence, {timlmeN) of principal G-bundle isomorphisms of 
class lU^+LP, 

Um ■ P \ X \ x = Poo t X \ X, 

such that the following hold: 

(1) The sequence converges as m —)• oo in the sense of W^^f{X \ x) to 

(2) The sequence of measures, \Fa^\‘^ dvolg, converges as m —>■ oo in the weak-star topology 

to the measure, \Fa°° P dvolg + ^bat is, 

jP^m 1^ dvolg ^ |Pa°° dvolg -|- hx in (G(X;M))' as m —)• oo, 

xGx 

where dx is the Dirac delta measure centered at a point x G X and (x,S'x) G (x, E). 

Remark 3.16 (Uhlenbeck convergence of a sequence of pairs of connections and Riemannian 
metrics). The Definition 13.151 of Uhlenbeck convergence of a sequence of connections, 
on P, extends mutatis mutandis to Uhlenbeck convergence of a sequence of pairs of connections 
and Riemannian metrics, {A^, where 5 ™ —)• 5 in on X \ x for an integer n > 0. 

It is often convenient to represent (x, E) G Sym^(X x [0, P]) using distinct unordered points 
in X rather than repeating them according to their multiplicity and, depending on the con¬ 
text, we indicate the choice as {xi, (fi,..., (points Xi G X counted with multiplicity) or 

{x'l, S‘{, ..., x[,S’l} (distinct unordered points x' G X) with I < i and = where the sum 

is over all j such that Xj = x[. When there can be no confusion, we omit the primes. 

As in [251 P- 158], the definition of Uhlenbeck convergence for a sequence of Sobolev con¬ 
nections in Definition 13.151 extends in an obvious way to a sequence of ideal Sobolev connections. 

Definition 3.17 Uhlenbeck open neighborhood of an ideal Sobolev connection). Continue 

the notation of Definition 13.151 let (Ao,x, E) be an ideal connection on P, and p be a 

positive constant obeying 

8 p < 1 A Inj(X, p) A mindistg(xi, Xj), 

with (x, E) represented by {xi,ffi,... ,xi,S’i} (distinct unordered points Xj G X), and s G (0,1]. 
Let £/ (P) denote the affine space of connections on P. We say that a connection A on 
P belongs to a Uhlenbeck (e,p) open neighborhood "V C si{P) of (Ao,x, E) if the following 

hold: 
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(1) There is a isomorphism of principal G-bundles, 

t^\x, 


such that, for some ebackground G (0,e], 

(3-12) ll'^(^) ~ ^ ^background) 

where -Bp/ 2 (x) := 'J‘i=iBp/ 2 {xi)] and 
(2) One has, for some ebaii G (0, e], 


(3.13) 


max 

i<i<l 





We say that [A] e g) belongs to a Uhlenbeck {e, p) open neighborhood P C ^{P) if A 

belongs to a bubble-tree (e, p) open neighborhood C s^{P). Here, ^{P,g) = 

£/[P)/ Aut{P), where Aut(P) is the group of gauge transformations of P, and vr : 

£^{P) —>■ ^{P,g) is the projection map. 

If we need to emphasize the individual values of ebackground or ebaib then we write e = 
(ebackground)£baii) and refer to a Uhlenbeck {e,p) open neighborhood. 


Observe that it is not necessary to approximate the implied characteristic functions of the balls 
with center Xi and radii 2p by continuous functions on X in (I3.13P because the condition (I3.12p 
eliminates the possibility of the curvature density, |P4p) concentrating on A — u\^iBp{xi). 

As with Definition 13.151 the definition of a Uhlenbeck open neighborhood of a Sobolev 
connection in Definition 13.171 extends in an obvious way to a Uhlenbeck open neighborhood 
of an ideal Sobolev connection. We define 


(3.14) ^g{P) •= iuf {S'g(A) : A is a connection on P —^ A} 

to be the minimum valueH of the L^-energy S’g{A) of a connection A on P predicted by the 
Chern-Weil formula m Section 9]. 

By analogy with |28p p. 158] (where it is assumed that G = U(n) for n > 2), we define the 
moduli space of Uhlenbeck ideal g-anti-self-dual connections on P, 

(3.15) UM{P,g) := |J (M{P,,g) x Sym" (A x [0,<fg(P)])) , 

where the union on the right-hand side is all over integers £ > 0 and isomorphism classes of 
principal G-bundles, P^ over A, such that the following hold, 


i 

(3.16) r?(P,) = 7?(P) and ^(P) = ^(P,) + ^ 

i=\ 

where = S’g{Pi) for some principal G-bundle, Pi over 

We observe that the collection of Uhlenbeck open neighborhoods given by Definition 13.171 form 
a basis for a topology on UM{P,g), called the Uhlenbeck topology. One may check that UM{P,g) 
is then a Hausdorff, regular, second-countable topological space IMl Sections 17, 30, 31, and 
Theorem 17.8] and thus metrizable by the Urysohn Metrization Theorem |60p Theorem 34.1]. 

By analogy with |28p p. 158] (where it is assumed that G = U(n) for n > 2), we define the 
Uhlenbeck closure, M[P,g), to be the closure of M{P,g) in UM{P,g). 

^This topological lower bound is attained by a y-anti-self-dual or g-self-dual connection on P, irrespective of 
whether such a connection actually exists for {X,P,g). 
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Elliptic regularity for solutions to the anti-self-dual and local Coulomb-gauge equations ensure 
that the definition of Uhlenbeck topology on M(P, g) is independent of the choice of {k,p) obeying 
k>l and p>2 and (k + l)p > 4 or {k,p) obeying 0 < k <k and 2 < p < p. Theorem 13. II yields 

Corollary 3.18 (Sequential Uhlenbeck compactness for the moduli space of anti-self-dual connec¬ 
tions on a principal G-bundle). (Compare [28l Theorem 4.4.4]J Let G be a compact Lie group and 
P be a principal G-bundle over a closed, connected, four-dimensional, oriented, smooth manifold, 
X, and endowed with a Riemannian metric, g. Then M{P,g) is sequentially compact. 

Because the Uhlenbeck topology on M{P,g) is metrizable, sequential compactness and com¬ 
pactness coincide for this topology by [Ml Theorem 28.2], and thus we have the 

Corollary 3.19 (Uhlenbeck compactness for the moduli space of anti-self-dual connections on 
a principal G-bundle). (Compare |28l Theorem 4.4.3]J Assume the hypotheses of Corollarv \3.18l 
Then M(P, g) is compact. 

Remark 3.20 (Uhlenbeck compactification and L^-metric completion of the moduli space of an¬ 
ti-self-dual connections). We recall [321 Theorem 1.2] that the Uhlenbeck compactification and 
L^-metric completion of the moduli space M{P,g) of anti-self-dual connections coincide, con- 
jecturally always but at least under mild hypotheses, including when the Riemannian metric 
g is generic and a) G = SU(2) or SO(3) and b'^{X) = 0, or b) G = SO(3) and the second 
Stiefel-Whitney class is non-zero, that is, W 2 {P) / 0. 

3.3. Uhlenbeck compactification for the moduli space of Yang-Mills connections with 
a uniform L^ bound on curvature. In this section, we extend the definitions and results 
of Section 13.21 to the more general setting of the moduli space of Yang-Mills connections with 
L^ energies in a compact range, ^ C [0,oo). We begin with a generalization of Definition 13.141 
(compare [95l Equation (2.1)]). 

Definition 3.21 (Moduli space of g-Yang-Mills connections with L^-energy c). Let G be a 
compact Lie group and P be a principal G-bundle over a closed, connected, smooth manifold, X, 
of dimension d >2 and endowed with a Riemannian metric, g. Let A: > 1 be a integer and p >2 
obey {k l)p > d, and £/{P, g) denote the affine space of connections on P, and c G [0, oo). 
Then 

Crit(P, 5 , c) := {M G £/{P,g) : Sg{A) = 0 a.e. on X and ^g{A) = c} / Aut(P), 

is the moduli space of gauge-equivalence classes of s'-Yang-Mills connections on P with L^-energy 
equal to c, where Aut(P) denotes the group of gauge transformations of P, and <§g : 

£/{P,g) —^ [0, oo) is the L^-energy functional (|l.ip . 

Recall from (12.71) that S'g{A) = d(f Fa. If d = 4 and cq is the minimum value of S'g predicted 
by topology via the Chern-Weil formula m Section 9], [Ml Appendix C], [92l Appendix], then 

Crit(P,ff,co) = M{P,g), 

that is, Crit(P, 5 , Co) is the moduli space of 5 -(anti-)self-dual connections on P. 

By analogy with (j3.15p . we define the moduli space of Uhlenbeck ideal g-Yang-Mills connections 
on P with LP‘-energy c, 

(3.17) UCrit(P, 5 ,c) := |J {Cr\i{P(,,g,C() x Sym^ (A x [0,c])^ , 

where the union on the right-hand side is over all i) integers I > Q, ii) isomorphism classes of 
principal G-bundles, Pi over X, obeying the topological sum rule (|3.16p . and Hi) L^ energies 
Q G [0,c]. 
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The collection of Uhlenbeck open neighborhoods given by Definition 13.171 form a basis for the 
Uhlenheck topology on UCrit(P, 5 , c). We define the Uhlenbeck closure, Crit(P, 5 , c), to be the 
closure of Crit{P, g,c) in UCrit(P, 5 ^, c). Theorem 13.11 yields the 

Corollary 3.22 (Sequential Uhlenbeck compactness for the moduli space of Yang-Mills con¬ 
nections on a principal G-bundle with L^-energy c). Let G be a compact Lie group and P be a 
principal G-bundle over a closed, connected, four-dimensional, smooth manifold, X, and endowed 
with a Riemannian metric, g, and c G [0, 00 ). Then Crit(P, < 7 , c) is sequentially compact. 

Because the Uhlenbeck topology on Crit(P, 5 ,c) is metrizable, sequential compactness and 
compactness coincide for this topology, and thus we have the 

Corollary 3.23 (Uhlenbeck compactness for the moduli space of Yang-Mills connections on a 
principal G-bundle with L^-energy c). Assume the hypotheses of Corolla, rv \S.2Si Then Crit(P, g, c) 
is compact. 

Lastly, we note that in the context of Yang-Mills connections, it is natural to consider an 
extension of Definition 13.211 to the case of a compact range of L^ energy values from that of one 
single energy value. 

Definition 3.24 (Moduli space of ( 7 -Yang-Mills connections with L^ energy in a compact range). 
Assume the set-up of Dehnition 13.211 and let ^ C [0, 00 ) be a compact subset. Then 

Crit(P, 5 ,*^) := IA G £/{P,g) : S‘g{A) = 0 a.e. on X and S‘g{A) G ^} / Aut(P), 

is the moduli space of gauge-equivalence classes of 5 -Yang-Mills connections on P with L^ energy 
in 

The definition (I3.17P of UCrit(P, g, c) extends almost without change to 

(3.18) UCrit(P, 5 (,‘^) := (J (Crit{Pe, g,Ci) x Sym^ (X x [ 0 ,c])^ , 

where c G [0, 00 ) is any constant such that ^ C [0, c) and the union on the right-hand side is 
again over all i) integers i >0, ii) isomorphism classes of principal G-bundles, P^ over X, obeying 
the topological sum rule (I3.16p . and Hi) Lf energies q G [0, c]. 

We again define the Uhlenbeck closure, Ciit{P, g,^), to be the closure of Crit(P, 5 ,‘^) in 
UCrit(P, < 7 ,'^) and observe that the proof of Corollary 13.231 extends without change to give the 

Corollary 3.25 (Uhlenbeck compactness for the moduli space of Yang-Mills connections on a 
principal G-bundle with L^-energy in a compact range). Let G be a compact Lie group and P 
be a principal G-bundle over a closed, connected, four-dimensional, smooth manifold, X, and 
endowed with a Riemannian metric, g, and ^ C [0,oo) be a compact subset. Then Ciit{P, g,^) 
is compact. 

4. Mass center and scale maps on the quotient space of connections over the 

SPHERE 

In order to describe the rescaling mechanism employed in the definition of bubble-tree conver¬ 
gence provided in Section (Sj we shall first discuss the concept of a centered connection over and 
the action of the subgroup of translations and dilations of the group of conformal transformations 
of S‘^, namely x M+ C Conf(S"^), on the quotient space of connections over S^. 
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4.1. Mass center and scale maps. A choice of frame, /, in the principal S0(4)-frame bundle, 
Fr(rS'^), for over the north pole n G U {00} (identified with the origin in M"^), 

defines a conformal diffeomorphism, 

(4.1) 

that is inverse to a stereographic projection from the south pole s G C (identified with 
the point at infinity in U {00}). We let y{-) : S^\ {s} —>• be the corresponding coordinate 
chart. 

Definition 4.1 (Center and scale of a connection on a principal G-bundle over S^). (Compare 
[32l Equation (3.10)] and Taubes [93l Equation (4.15)], [95l pp. 343-344].) Let G be a compact 
Lie group and P be a principal G-bundle over the four-dimensional sphere, S‘^, with its standard 
round Riemannian metric of radius one. The center, z = z[A] G M^, and the scale, A = A[A] G 
M_i_ = (0, 00) of a non-flat connection, A, on P are defined by 


(4.2a) 


(4.2b) 


Center [A] := 


Scale [A] ^ := 






-1 


[ y\y^*nFA{y)\'sd^y, 

JIR4 


-1 


\y-z[Ar\y^*My)\id^y, 


where 5 denotes the standard Euclidean metric on The connection. A, is centered if Center [A] = 
0 and Scale[A] = 1. If A is flat, one defines Center[A] := 0 and Scale[A] := 0. 

Remark 4.2 (Normalization constants in the definition of mass center and scale). The choice of 
normalization constant in Definition |4A] is consistent with m Equations (29.44) and (29.45)] and 
Definition 14.81 and Taubes [93l Equation (4.15)], but differs in general from those of [32l Equation 
(3.10)] or Taubes [95l pp. 343-344]. 


Remark 4.3 (Round versus Euclidean metrics in the definition of mass center and scale). It is 
possible, as in Taubes m Equation (4.15)], to use the pullback to of the standard round 
metric of radius one on S‘^ when defining the integrals in (14.2h . However, is then more difficult to 
show that it is possible to center a non-centered connection A on P and the relationship between 
the connection A and the required conformal diffeomorphism of is not explicit as it is in 
Lemma 14.41 which may be compared with Taubes |93l Lemma 4.11]. 


For any {z, A) G x 


(4.3) 


-, we define a conformal diffeomorphism of by 
hz,\ : ^ y^{y- z)/\. 


It is convenient to view this as a composition of translation, Tz{y) = y — z, and dilation, 6x{y) := 
y/X, that is, = 5x{Tz{y))- The group x M+ acts on and 32/(P) by pullback and 

composition with —)• \ {s}, that is, 


s^iiflP) X X M+ 9 {iplA,z,\) ^ G i/«P), 

£^{P) X X ]R+ 9 (A, 2 , A) e^hlxAe ^(P), 


where 


hlxA := ip-^’*hlxy^:A. 


The group x M_|_ also acts on Aut((/3*P) and Aut(P) by pullback and descends to an action 
on =^((^*P) and =^(P). We have the following simpler analogue of Taubes |93( Lemma 4.11]. 
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Lemma 4.4 (Centering a connection over Let A be a non-flat connection on a principal 

G-bundle over with its standard round metric of radius one. If (z, A) G x M_|_, then 

Center= ACenter[74] + z and Scale[/i* = AScale[^]. 

In particular, if z = z[A] and A = A[A], then A = (hf^f)*A is a centered connection on P. 

Proof. Using the scaling behavior of two-forms and the volume form, the fact that F{h* = 
h* ^F{A), and writing x = hz,\{y) = dx{Tz{y)) = {y — z)/\ and y = \x + z,we have 

Centev[hlxA] = ( [ \ip*^FChlxA){y)\US) [ A 

= ([ \hlxFnFA{y)\U"y) [ y\hlxl^*nFA{y)\U\ 

= ([ \l>nFA{x)\jd'^x'\ [ {Xx + z)\^*^FA{x)\jd'^x 

\Jr^ j 

= A Center [^] -|- z, 

as desired. For the scale, 

Scalefil^Af = ( f \hl^^ip*^FA{y)\‘s dS'] j |y - Center[^* 

\Jr* j Jr* 

= ([ \l’nFA{y)\1d'^y'] [ |y-ACenter[^]A, 

\Jr* j Jr* 

= ^^ ( [ d‘^x'\ [ \x- Center[^]p|(^*FA(x)l^ d'^x 

\Jr* j Jr* 

= A^ Scale [^]^, 

again as desired. Finally, observe that hf\ = /i_ 2 /a,i/A) since y = hz^\{x) = {x — z)/\ and 
x = hf]^{y) = Xy + z = X{y + z/X). Therefore, 

Center[^~j^’*A] = Center[/i^^y^ i/\A\ = Center[^] — X~^z = 0, 

and 

Scale[^~j^’*A] = Scale[^l^y;^ i/a^] ~ Scale[^] = 1. 

This completes the proof. □ 

4.2. Continuity of the mass center and scale maps with respect to Sobolev variations 
of the connections. According to Taubes [951 p. 342], the integrals in (14.2p are well-defined 
and define a smooth map, 

^\P) \ [0] 9 [A,p] (z[A],A[A]) G X M+, 

where 0 is the product connection on P = 5^ x G and ASfP) := {^/{P) x P\s)/G (compare [95l 
p. 328]). However, we shall only need to know that the map 

^ 2 , 2 {P) \ [ 0 ] 9 [^] ^ (^[^],A[A]) G X M+, 

is well-defined and continuous, where 1 ^ 2 , 2 {P) = 32 / 2 , 2 (^’)/ Aut 3 ^ 2 (.P) and £^k,p{P) is the affine 
space of connections on P and Autfc+i^p(P) is the group of automorphisms of P, for 
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p > 1 and integers k > 1 obeying {k + l)p > 4. We shall establish this property, together with a 
slightly stronger version of continuity in the following 

Proposition 4.5 continuity of the mass center and scale maps). There is a universal 

constant C G [l,oo) with the following significance. Let k > 2 be an integer and A be a 
connection on a principal G-bundle over 3“^ with its standard round metric of radius one, g = 
ground- Suppose k = 2 and a G 0 adP). For the mass center function, Center [A] = 

z[A\, we have 


(4.4) \z[Aa] - z[A]\ 


<C\\FM\ 




a 


|^^n2(54) + ||a||J^,i.2(g4)j +C||a| 


n-L2(54)ll« 


|2 




and z[A + a] —>• z[Al\ uniformly as ||a||pj^ 2,2 


A.fiSfi 




0. Moreover, z[A + a] —)■ z\A\ uniformly as 
^ 0 while ||a||^ 2,2 remains uniformly bounded; in particular, z\A] is a uniformly 

continuous function of [A] G ^{P) endowed with the distance function distiyi .2 given by 

dH upon restriction to subsets of F^{P) that are bounded with respect to the distance 

function d\sty\r 2 , 2 . For the scale function, Scale [A] = A [A], we have 


(4.5) |A[A + a]2-A[A]2| 

< C| 2 :[A] — 2 :[A + a]| | ||FA+a||^r 2 + (|z[A]| + [^[A + a]|) ||FA+a|li 2 ( 54 ) | 

+ C’||Fa||^ 1,2(54) (^||a||^2,2(54) + +C||o||J^,2.2(54)> 

and A[A + a]^ —)• A[A]^ uniformly as ||a||^y 2.2 —)• 0; in particular, A[A]^ is a uniformly continu- 

■> 4,3 A ' 

ous function of [A] G ^(P) endowed with the metric. If k = 3 and a G (g) adP), 

then 


(4.6) |A[A + a]2-A[A]2| 

— C'|z[A] — z[A + o]| I ||PA+a||^r2^^4^ + (|^;[A]| + lz[A + a]|) \\FA+a\\‘L‘2(sfi | 

+ C’II^a|Ih^l 2(54) (||a||J^l2(^4)C|2(54) + 

^11 || 3/2 || 3/2 

and A[A+a]^ —A[A]^ uniformly as ||a||i;(/i .2 (^ 54 ) 0 while ||a||( 4 / 3 , 2 ^g 4 ^ remains uniformly bounded; 

in particular, A[A]^ is a uniformly continuous function of [A] G S^{P) endowed with the 
distance function upon restriction to subsets of IE{P) that are bounded with respect to the W^’‘^ 
distance function. 


Before proceeding to the proof of Proposition 14.51 we first need to relate Sobolev norms for 
adP-valued one-forms over and with their standard Riemannian metrics, respectively. 
Recall that the standard round metric, ground, of radius one on (for d> 2) takes the form (see. 
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for example, [l6l p. 26]) 


(4.7) 


(1 + \x\‘^y 

^Igronndiv) = V y S 


where 5euciid(a^) = {dx)"^ = (dx^)^ + ••• + (dx^)^. Define ?(r) := 2/(1 + r^) for r G [0,oo), 
so that Ground (a:) = ?^(|x|)(dx)^ and d volround (a:) = ?'^(|x|)dx, where dvoleuciid(a:) = dx = 
dx^ A • • • A dx"^. 


Lemma 4.6 (Relating integral norms over and S^). For w G D*(S'^;adP) and i > 0 and 
denoting g = Ground o-nd 6 = 5euciid for brevity, we have 

(4.8a) \\FnM\L^R-i,S) < 2*"^lhllL2(Shg), for i > 2, 

(4.8b) ll<w^lli,4(Rh5) < 2*"^||w;||L4(54_g), for i > 1. 

Proof We observe that 

ynM\h{R-i,S) = \Fn'w\Iix)dx 

aK4 

= [ ?^*“^(|a;|)|<^>|g(a;)dvolg(x) 
jR't 

<2^*“'^ [ |</5*rt;|g(x) dvolg(x) for f > 2, 
dR4 

since ?(r) = 2/(1 + r^) < 2 for all r > 0, and thus we obtain (I4.8ap . Similarly, we have 

llva>|li4(K4,5) = |va>l5(a;)dx 

= [ ?^*“^(|a;|)W^*(|a;|)|</?>|5(x)?^(|x|)dx 
aR-i 

= f ?^*“'^(|x|)|<'«;|^(x)dvolg(x) 

dR4 

< f |<y9*r(;|g(x) dvol„(x) for i > 1, 

dR4 

and therefore (I4.8bl) follows. □ 


We can now proceed to the 


Proof of Proposition \4-5\ If a G iy^’^(S'‘^; (g) adP), then P^+a = Pa + d^a + a A a over S'^, and 

thus over M^, 

(4.9) WlFA+a\] - \pIFa\1 = ^fIFa, FndAa)s + 2 {fIFa, fI{o A a))s + 2{F*ndAa, F*n{a A a)),. 








36 


PAUL M. N. FEEHAN 


We first consider (S^) continuity of the mass center (I4.2al) for W^’ (S^) bounded families of 
connections ^ + a on P —)■ 5^. We have 


(4.10a) 


[ \y{^*r 


FA,(PndAa)s\dy < 


\y\ 


1/2 


jdAa||L2(R4,5), 


(4.10b) [ \y{^:FA,^*niaAa))s\dy<2( [ \y\^\y,lFA\Uy) ^ 

4R4 VJr4 / 


<5)- 


Applying Lemma lA.ll yields 


\ 1/2 ^ 

\y\'^\y^nd^A\'s dy] < -||V|(/3*Pa|5||l2(R4,5) 


< 2ll^<A¥^n.^A||L2(R4^5) (by the Kato Inequality ([23])) 

< C (||V^Pa||l2(54,,) + ||Pa||l 2(54,,)) (by g^i])), 


to give 
(4.11) 


\ 1/2 

\yf\^:FA\jdyj <C\\Fa\\, 


Vf1’P54), 


which is finite since A is a connection on P —>■ S^, and C £ [l,oo) is a universal constant. 

In the derivation of (14.lip , we have used the fact that if and are respectively the Levi- 
Civita covariant derivatives with respect to the Riemannian metrics g on TS"^ and S on 
together with their dual and associated bundles, then 

= + VgeC^(TS^), 

that is (see [TOl Equation (1.25)]), for any ^ G C°°{TS'^), 

d 


ip*V^n — P 




where </?*?/ = g^d/dx^ and = i^d/dx^ and [HI Equation (1.23)] 

d \ d 

* _ pp, 


V 


FF \dx 


= r 


a/3 ’ 


and the are the Christoffel symbols [HI Equation (1.31)] for the metric g with respect to the 
coordinates x^{-) defined by (p~^ : \ {n} —)■ Similarly, 

+ r ® Vu G C°^{TS^ ® adP), 

and the analogous identities hold for v G C'°°(A*(T*5^) (g) adP) = n*(S'^;adP) when / > 1. 
Consequently, from (|4.8I) . (|4.10l) . and (14.HE we obtain 


(4.12a) 


/ \y{FnFA,p>ndAa)i\dy < C\\Fa\\^,i, 2 ,g^A\S/^j^a\\L2{^s^^g), 
JR4 .4.9^ ' 

\y{y^nF'A,<Pnia^a))s\dy < C'llPAll,^i,2(54)llalli4(54^g). 


(4.12b) 
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Furthermore, we have 

\y{^ndAa,^n{a f\a))5\dy 


I 


< 2||(/?*(iyia||L2(R4_5) 


1/2 


\y\‘^\^na\s dy 

c^Aa||L2(ffi4_5)||Vl(/?>||||i2(]R4^5) (by LemmalAl]) 
dAa\\L^(Mi,5)\\'^A^n(^\\%{R't,S) (^Y t^e Kato Inequality ([23])) 

< 2||dAa||L2(54^g) (||V^a||2,4(54^g) + ||a||2,4(54^g)) (by 


< u-rn 


< U-rn 


Applying the Sobolev Embedding 
(12.51) we obtain 


m 


the form wl’‘^{S^) ^ L^{S^,g) and Kato Inequality 


(4-13) Aa))5|di/ < C||V^o||i2(54_g)||a||^^^ 2 , 2 (^4). 

Combining the definition (|4.2ap of Center [A], the identity (j4.9p . and the inequalities (I4.12p and 
(14.131) yields (14.4F 


Xis^) 

I 2 L _* 77 ' I 2 


Second, we consider Wy^g{S^) continuity of the scale (I4.2bl) and write 


\y - z[A + aW^FA+a\'i - \y - 

(4.14) = [\y-z[A + a]p -\y- z[A]f} \ip*^FA+a\s + 1 ^ “ {l^n^A+als - IKFaII} 

= : Term 1 + Term 2. 

For Term 1 in the identity p4.14p . we observe that 
\y - z[A + a]|2 - |y - z[A]|2 = \y\‘^ - 2{y, z[A + a]) + |^[A + a]|2 - {\y\^ - 2{y, z[A]) + lz[A]|2} 

= 2{y, z[A\ — z[A + a]) + \z[A + a]p — | 2 :[A]|^, 

and so 

\\y - z[A + a]\^ -\y - < \z[^] - ^;[A + a]| (2|y| + | 2 ;[A]| + l 2 :[A + a]|). 

We calculate, just as in the case of IF^’g(5'^) continuity of the mass center, 

[ \y\\y^*nFA+a\j dy < f {I + \y\‘^)\ip*^FA+a\j dy 
JR4 Jr4 

C iF^+al^dvol^T^^ iV^FA+algdvolg^ 


< 


— C'l|-^A+a||,,,i ,2 




Thus, for Term 1 in (I4.14F we have 


(4.15) / {\y - z[A + a]\'^ - \y - z[A]\'^} \ip*^FA+a\'s dy 

dR4 

< C'|z[A] - z[A + a]| I ||F2i-i-a||^L2^g4^ + (k[A]| + \z[A + a]|) \\FA+a\\'i2(^s4^g) 
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For Term 2 in the identity (|4.14p and arguing just as in the case of continuity of the 

mass center, we see that 


[ \y - 4^]\‘^\{^nFA,(PndAa)5\dy 


< 


1 

< - 
“ 2 


1/2 / r \ 

\y - z[A]\^\^p*^FA\jdy] ( / \y - z[A]\‘^\y?yAa\j dy 


1/2 / ^ \ 1/2 
\V\^*^FA\ 5 \^dy] / \V\ipyAa\s\^ dy 


so that 

(4.16) 

Also, 


/ \y I<Fn'^AQ-)<5| dy < C||F/4||^n 2 j.^4^C*||a||^^,2^g,4^^j. 

[ \y - 4^]\‘^\{'^nF'A,y^n{a/\a))s\dy 

\ 1/2 / /■ N 1/2 

\y-z[A]\‘^\^p*^FA\jdy] ( / |y - z[A]|2|(^;o|^ dy I 

54 / ViR 4 / 


< 2 


< 


< 


M^:Fa\s\^ dy'^ ' y^jVl^^aljl^dy'^ 


\ 1/2 


K,AV>*nFA\Uy 


1/2 


IV 


^*^A^na\s dyj 


\ 1/2 


< c” 11 -^A11 vi/1,2 (54) 11 a 11 ^1,4 ^4), 


applying (14.81) . the Sobolev Embedding (12.41) in the form L^(5^,y), and Kato In¬ 

equality (12.51) to obtain the last two inequalities, and 

(4-17) \y - z[A]\‘^\{ip*^FA,iPniaAa))s\dy < C'||Fa||^i,2(54)||o||Jj,2.2(54)- 

Furthermore, we have 

[ \y-4M‘^\{^ndAa,(pUaAa))s\dy 


\ 1/2 

\y - z[A]\'^\^p*^a\j dyj 


Applying 

Inequality 

(4.18) 


< 2 \y - z[A]\'^\ipldAa\j dyj 

< ||V|v9;dAo|||L2(R4,5)||V|v9;a|^||i2(K4^5) (byLemmalS]) 

< l|Viv2*dAo||L2(K4_5)||V^V2;a||54(R4_5) (by the Kato Inequality ([23])). 

, the Sobolev Embedding (12.4p in the form VFg’^(S'^) L^{S^,g), and Kato 

yields 

121 /,_* 


y^4ly-2:[A]| \{<f*^dAa,<f*^{aAa))s\dy < C||a||^2,2(54^. 

Integration by parts gives 

llTO'all i2(S4,g) - (VV>'^T(^A)^“llL2(S4,g) < l|V^a||^2(54^g)||V^*(V^)^0||2,2(54_g), 
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and hence the interpolation inequality, 

\2„|| . . ^ ^ll„l|l/2 

and thus, 

11/2 

Consequently, applying the interpolation inequality (I4.19P to the inequalities (|4.16l) . (|4.17l) . and 
(|4.18l) gives 


(4.19) 


, 1/2 




l!, - z\A\f\{^lFA,AdAa)s\dy < 

/ \y ~ I 1 ^ ^))6 \ dy ^ C11-Fa 11 ^1,2 /^4N ||a||^i,2 /^4'. ||a||^3,2 f^4n , 

J ^4 A,g^ > A,g^ / ^,5''' ' 

\y - z[A]\‘^\{iPndAa,iPn{a/\a))s\dy < C\\af^% 


Combining the inequality (14.151) corresponding to Term 1 in the identity (|4.14l) with the preceding 
inequalities corresponding to Term 2 yields (14.51) and (14.6p and this completes the proof of the 
proposition. □ 


The method of proof of Proposition 14.51 also yields boundedness results for the mass center and 
scale maps. 

Lemma 4.7 (Boundedness of the mass center and scale maps). There is a universal eonstant 
C G [l,oo) with the following significance. If A is a connection on a principal G-bundle 

over 5^ with its standard round metric of radius one, then 

(4.20a) I^AI 

(4.20b) \[Af <C\\FAf^r2,s,y 

Proof. The proof of Proposition 14.51 shows that 

|zA]| < M^^FaIUv < C\\FA\\lr2^g,y 

AA]2= f \y-z[A]\^\ip*M5dy<C\\FA\\l,r2,sAy 

This completes the proof. □ 


Finally, we recall the 

Definition 4.8 (Center and scale of a positive Borel measure over M^). (Compare [321 Equation 
(4.11)]) Let p he a positive Borel measure over with the property that 

0 < / (1 + \y\'^)dp{y) < oo. 

The center, z = z[p] G and the scale, X = X[p] of p are defined by 

(4.21) 


(4.22) 
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The measure, fi, is centered if z[fj] = 0 and A[/i] = 1. 


4.3. Sobolev bounded derivatives and continuity of a family of connections with re¬ 
spect to mass centers and scales. Thus far we have considered continuity of the mass cen¬ 
ter z[A\ and scale A[ 74 ] with respect to Sobolev variations of the connection A. We consider 
the opposite question of Sobolev continuity of the family h* with respect to the parameters 
(z, A) € X M_|_, given a fixed connection A on P. Specifically, we prove the 

Proposition 4.9 boundedness of derivatives and continuity of a family of connections 

with respect to mass centers and scales). Let A he a connection on a principal G-bundle 

over 5^ with its standard round metric of radius one, g = Ground- The family of connections, 
h* ^A G {h* ^P) = {P), has bounded derivatives with respect to the mass centers, z G in 

the sense of (j4.26p and ()4.27p . and bounded derivatives with respect to the scales, A G M+, in the 
sense of (j4.25p and ()4.28p . The family of connections, h* ^A G £/{P), is uniformly continuous 
with respect to the mass centers, z G in the sense of (I4.30p and (I4.3ip . and continuous 
with respect to the scales, A G M_|_, in the sense of (I4.29P and (14.321) and hence the family of 
connections, h* ^A G (P), is uniformly continuous in the A^( 8 )adP) norm with respect 

to {z, A) G X M+. The family of points, [h* ^A] G ^(/i* ^P) = SS{P), is uniformly continuous, 
for the distance function dist 14 / 1.2 given by (11.41) on tL§{P), with respect to {z,X) G x M_|_. 


Proof. Recall from [32p Equation (3.9)] (taking g = 0 G on the left-hand side and g = z G 
and d/dp = d/dz^ and thus p = d/dx^ on the right-hand side) thalH 

(4.23) plA = -i« (v.. , 

(4-24) z^rfA = -ff (l a Fa) , 

^ ^ dzt^ V / ’ 

where : n*'’'^(A") —)• n*(X) for i > 0 denotes interior product with respect to a vector field 
f G C°°iTX) over a smooth manifold X, and {x^} are the standard coordinates on These 
correspond to the expressions over 


dX 
3 

= -T„ ( 


dxP 


Thus, 




L4(R4^5) 


<5a 


L4(R4^5) 


and hence, by the invariance of the norm on one-forms with respect to conformal changes of 
the metric and with respect to rescaling. 


(4.25) 

Similarly, 


d 


1 



LPSXg) 

A 

a Fa 


LHSLg) 


d 

* * /I 


“^Tiiere is a typographical error (a factor of 1/A that should be removed) in the expression | 32l Equation (3.9)] 
for the directional derivative dT/c\A/dp which we correct here. 
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and thus 
(4.26) 

Turning to the covariant derivatives, 


^flA 


b d Fa 

dz‘^ ^ 

F(S\g) 



L^S^g) 


ve 


d 


03* A 


L2(K4_5) 


r: (KiA^^AFA) 


L2(R4,5) 




A^'in g Fa 

^ y’nt Q^ij, 


< C 

< C 


-^Fa 

41 V>n* Q^fj, 


L2(R4,5) 
L2(R4^5) 

LHS\g) 

L^S^g) 


+ Kr^A^FAh^iS^g)^ 


‘'in g Fa 

<Pn* 


M/i'2(S4) ’ 

where C G [l,oo) is a universal constant. On the other hand, 


V' 


d 


4 = ^ A 

VnA g^fx^z^Pn^ 


L2(R4,5) 


> 


F^Agzix z 

d 

\J9 ^ A 


and so 


3 

\/9 _^*4 

^^Agz^x^zA 


< 


LHS\g) 


v: 


d * * 

Fig^lA gz^'^'zPnZ 


LHS\g) 



3 , 

-C 

rx r*A 

L^iS^g) 

dzf^ ^ 

+ c 

f f:A 

L2(R4,5) 

dz‘^ ^ 


LHS\g) 


LHS\g) 


< C 


O g Fa 




+ 


‘'in g Fa 

Vn* g^fx 


LHS\g) 


and applying the Sobolev Embedding (12.41) in the form “—)• L^(5^, g) and Kato Inequality 


(4.27) 

Finally, 


Fz^dz/X 


< C 


L^S\g) 


O g Fa 




V 


d 




L2(R4^5) 


< 


1 

A 

1 

A 

1 

A 

C 


(‘iKFx) 

« (V‘;.4 {^lAnFA)) 

V‘;A {^IAFa) 


L2(R4^5) 

L2(R4^5) 

A) 


‘PnA 


Fa 
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On the other hand, 




L2(K4^5) 


d 




LHS^g) 


> 


siAdX ^ 


-C 


L^iS^g) 


5 « 4 


LHSXg) 


and so 




< 


LHSXg) 





d ~ 

+ c 




c 


and hence, 
(4.28) 


< 






Fa 


1 

wZisA A 




Fa 


LHS^g) 
LHS\g) ’ 


< 


LHSXg) 


c 

J 




Fa 




This completes the VF^’^(5^) bounds for the tangent vectors to the family h* ^A. 
Now let Ai := (1 — t)Ao + tAi for Aq, Ai € M+, and observe that 


f6lA-6lAU.^sXg)< 


f 


^ X* A 


dt 


F(SXg) 


and so 
(4.29) 


- <^Ao^llL'‘(S4,g) < |Al - 


|Ai — Ao| [ 
Jo 


5 ?* 4 


dt. 


LHSXg) 


Similarly, for zt = {1 — t)zo + tzi = zq A t(zi — zq) and zq, zi € M^, we observe that 

4 


- ^0 

g=l 


\g ^ f* ^ 

dzg > 


and thus 



and therefore. 


(4.30) 


^2i^-^*o^llL4(Shg) < kl 



d 




LHSXg) 


dt. 
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For the covariant derivatives, we have 

d 


^0 

< 


< 


f 

f 


VI. 


20 


dt 


LHS\g) 


d 




dt H- 

L^{S\g) -^0 


f 




dt 


L^S^g) 


< 


g=l 


E(21 - 20)'‘V|;_., 


dt 


+ 2 max ||f;^-f,;^||i 4 ( 54 , 3 ) / 
iG[ 0 dJ Jo 


and therefore, 

(4.31) 

4 

< ki - Zo\ ^ 


L^S^g) 

-f*A 

dt 


dt, 


LHSkg) 


g=l 


max 

te[o,i] 


d 

T* A 


L\S\g) 


+ 21^1 - ^ol max ||f* Al - fl^A\\LA^skg) Y. 

’ g=l 


—rA 


LHSkg) 


A similar calculation yields, 

(4.32) ||Vf, ^ i 6 lA -~ 6 l ^ A ) h ^ skg ) 


< lAi — Anl max 
ie[o,i] 




LHS^g) 


+ 2|Ai - Aol max - -5^^.4 11 ^ 4 ( 54 ^ 3 ) 


d 

Wt 




LHSkg) 


We thus obtain VF^’g(5"^; (g) adP) continuity with respect to {z, A) € x M+ of the family of 

connections h* xA on the principal G-bundle P —)• when A is a fixed connection on P 


and this completes the proof of Proposition 14.91 


□ 


5. Bubble-tree convergence for a sequence of Yang-Mills connections with a 

UNIFORM BOUND ON CURVATURE 

In Section 15.11 we develop a bubble-tree convergence result in the same setting as Section 13.11 
(namely. Theorem 15.11 and Remark 15.3p . Section 15.21 contains a review and some extensions and 
modifications from our article [32] of the bubble-tree topology and bubble-tree compactification 
for the moduli space of anti-self-dual connections, M{P,g). In Section [531 we provide a definition 
of the bubble-tree topology and establish bubble-tree compactness results for the moduli space of 
Yang-Mills connection, Crit(P, ( 7 , ^), with energies belonging to a compact range [0, 00 ). 
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5.1. Bubble-tree convergence for a sequence of Yang-Mills connections with a uniform 
bound on curvature. The bubble-tree convergence possibility for sequences of harmonic 
maps from 5^ was first noted by Sacks and Uhlenbeck |76l p. 3], even before further development 
by Taubes in the context of sequences of Yang-Mills connections in dimension four [95t Section 5], 
Parker and Wolfson in the context of sequences of harmonic maps from Riemann surfaces ISZIES], 
and the author in the context of sequences of anti-self-dual connections [321 Section 4] and Yang- 
Mills gradient flow m Section 29]. In [32] Section 4], we allowed the Riemannian metric, g, on 
X to vary within its conformal equivalence class, [gf] (by analogy with the treatment by Parker 
and Wolfson |67[ I68j ) but we could equally well have worked with a fixed Riemannian metric, g 
on X, as in Taubes [95l Section 5] and [H], Section 29]. We shall develop the fixed Riemannian 
metric scheme in this section while in Sections [6] and (3 we discuss the varying Riemannian metric 
scheme. 

While the basic concept underlying bubble-tree compactifications is well understood, the detail 
required for a complete and thorough description can become quite involved in the setting of 
Yang-Mills or anti-self-dual connections, as one see from |32[ I95j. Iterated rescaling is required 
to ensure that the rescaled connections over converge to smooth anti-self-dual connections 
over S‘^ with no energy loss at point singularities. We shall describe the effect of one level of 
rescaling carefully. The description of second or higher levels of rescaling does not involve any 
new technical difficulties, but is cumbersome. We refer the reader to Parker m for a very 
informative description in the context of harmonic maps, with many useful illustrations and 
careful analysis of the ‘neck’ regions. 

The proof of Theorem 15.11 below can be obtained mutatis mutandis from that of [311 Theo¬ 
rem 29.6] (Yang-Mills gradient flow), by now drawing on Theorem 13.11 (sequence of Yang-Mills 
connections). Alternatively, one can observe that the ideas involved in the proof of Theorem 15.11 
originate with those of Taubes in his proofs of m Proposition 4.4], [951 Propositions 5.1 and 
5.3] and which were further developed by the author in our proof of [321 Theorem 4.15], which 
asserts the existence of a bubble-tree convergent subsequence, given a sequence of anti-self-dual 
connections on P. 

To obtain the full bubble-tree convergence for a sequence of Yang-Mills connections with a 
uniform bound on curvature, one must repeatedly apply Theorem 15.II to each copy of until 
there no more points of curvature concentration where sequences of connections remain to be 
rescaled, just as in the proof of our [321 Theorem 4.15]. See Remark 15.31 

One may view Theorem 15.II below as a sequential analogue of [311 Theorem 29.6], a single-level 
bubble-tree convergence result for Yang-Mills gradient flow. 


Theorem 5.1 (Uhlenbeck convergence over for a rescaled sequence of Yang-Mills connections). 
Assume the hypotheses of Theorem AS.l\ and, in addition, that I > 1 with x := {xj € X : 1 < i < 
1} G X. Let g denote the smooth Riemannian metric on X and p = p{g, R, x, [A°°]) E (0,1] and 
R = R((^i ,... ,S’i) G [l,oo) he constants obeying the conditions (j5.9p and (j5.19p in the sequel. For 
1 < i <1, choose oriented g-orthonormal frames, fi, for the tangent spaces, (TX)^;., and points 
Pi £ Pxi ■ £ {1; • • •; 0 then, after passing to a subsequence {m!} C {m} C N and relabeling as 

{m}, there exist 

• A geodesic normal coordinate chart, D Bip{Q) = B^p^Xi) C X with pi{0) = Xi, 

defined by the frame, fi; 

• A sequence of relative mass centers, {xj^m}meN C X, such that Xi^m Xi as m ^ oo; 

• A sequence of relative scales, C (0,/?), such that Xi^m \ 0 as m—>■ oo; 
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• A sequence of geodesic normal coordinate charts, '■ ^ -^2p(0) = B 2 p{xi^rn) C X 

with = Xi^m, defined by the g-orthonormal frame for (TX)^;. ^ obtained by 

parallel translation of fi along the geodesic joining Xi to Xi^m! 

• A sequence of local sections, ai^m '■ B 2 p{xi^rn) P \ B 2 p{xi^rn), constructed via parallel 

translation with respect to the connections on P, of the point pi G Pxi to a point 

Pi,m £ Pxi m olong the geodesic joining Xi to Xi^m, followed by parallel translation along 
radial geodesics emanating from Xi^rn ^ X; 

• Sequences ofW^^^’^ isomorphisms of principal G-bundles, Ui^m ■ P \ 'S"^\{oo} = GxM'^. 

For each i G {1,...,/}, define a sequence of rescaled connections, on a sequence of 

product G-bundles, ^(0) x G C x G, by setting 

Aj^ .— 0 -|- and 

«*,m(2/) := V ?/ G ^ (0), m G N, 

where 0 denotes the product connection on x G, and define a sequence of smooth Riemannian 
metrics, {5j,m}mGN on by setting 

(^•^) 9i,m{y) ■= \^rnPi,m9{^i,my), Vy G 

Then the following hold for each i G {1,..., 

(1) If 6 denotes the standard Euclidean metric on then gi^m S in Gj'^(M'^) as m ^ oo; 

(2) The sequence of connections, AT^ obeys the Yang-Mills equation over Bp/Xi„,{0) C 
with respect to the metric gi^m! 

(3) There is a smooth Yang-Mills connection, Af°, on a principal G-bundle, Pi, over with 
its standard round metric of radius one, an integer /* > 0 and, if h >1, a set of points, 
Xi := {yijYjGi C such that 

(5.3) Ui^rniA'lfi) —>■ Afi^ strongly in \ Xi; 0 g), as m ^ oo. 

The ideal limit, (A^,Xi), is non-trivial in the sense that either li > 1 or, if h = 0, then 
Afi^ is not flat (that is, gauge-equivalent to the product connection, Q). 

(4) If k > 1, there are constants, 0 < S'ij < Si for 1 < j < k, given by 

(5.4) Si j = lim lim f d'^y, 1 < j < k, 

such that 

k 

p d vol ^ \Fa°° P d vol + Sjj 6y^ . in (Go(M'^;M))' as m —)• oo. 

i=i 

(5) The measure, pLi := \FAf^\’^ dYo\-\-YYj=i^'i3 ^Vi j’ centered in the sense of Definition 
\4-3\ and, if Xi = 0, then the connection, Af^, is centered in the sense of Definition \4.1\ 

(6) The positive constant. Si, in Theorem \3.1\ can be computed by the alternative formula, 

(5.5) Si = lim lim [ \FA^{y)\‘^ d'^y. 

^Compare [32l p. 516]; if g is flat, then and <filmg{3i,my) = 

V’iOixi ,m “t“ 3i^rnyl • 

®This centering condition reflects the simplest choice and one could alternatively redefine the sequence, 
{AD mew, in such a way that the connection, A°°, is centered, as in |32l Lemma 4.7]. 
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(1) Ij in addition the sequence is absolutely minimizing in the sense of (in]), then 

A'^ is an anti-self-dual connection with respect to the standard round metric of radius one 
on 


Remark 5.2 (On the choice of points in the fibers of P and local sections of P). While Theorem 
15.Il ls most easily stated and proved with the aid of local sections of P near the points of curvature 
concentration defined by a choice of points pi G P\xi for 1 < i < I, that choice is not necessary 
for a description of bubble-tree convergence. 

Remark 5.3 (Bubble-tree convergence for a sequence of Yang-Mills connections with a uniform 
bound on curvature). As we noted earlier, the full bubble-tree convergence is obtained by repeat¬ 
edly applying Theorem [5T] (with X replaced by until all curvature concentration singularities 
have been resolved, in the sense that the sequences of connections on copies of at terminal 
nodes of the tree converge to smooth connections over without further curvature concentra¬ 
tion, as described in [321 [95]. The required number of applications of Theorem 15.11 is bounded 
above by a constant that depends at most on sup^gi^ \\Fa'^\\l'^(x)^ the Pontrjagin numbers of P, 
and the Lie group, G. For the sake of exposition and notational simplicity, however, we shall give 
most detail in the case where the application of Theorem 15.II gives x, = 0 for 1 < i < / and thus 
one level of rescaling suffices to resolve all curvature concentration singularities. The general case 
follows by an induction and presents no new difficulties. 


Proof. We shall just briefly indicate the sources of the proofs of the conclusions of Theorem [531 
whose statement is modeled on that of m Theorem 29.6] for Yang-Mills gradient flow, rather 
than a sequence of Yang-Mills connections and it is the latter hypothesis that is responsible for 
the stronger notion of convergence in Item Q , as in our statement and proof of Theorem 13.11 
The statement and proof of Theorem 15.11 are implicit in |95[ Section 5] but, in the form 
presented here, essentially translate those of [32[ Theorem 4.15] to the more general setting of 
Yang-Mills rather than anti-self-dual connections. It will be important in the sequel to have 
precise definitions of the sequences of mass centers and scales, {xgmjmeN and {Xi.m}meN for each 
i G {1,...,/}, and whose existence is asserted by Theorem 15.11 For this purpose, we recall our 
definitions from lai Theorem 29.6] (compare |32l Section 4.2]). 

Item (HI) is a consequence (compare |32l Lemma 3.12]) of the definition (15.2p and more refined 
and convergence rate estimates follow from standard properties of geodesic normal coordinates 
in Definition 1.24, Proposition 1.25, and Corollary 1.32]. 

We recall that a singular point Xi £ X for the sequence may be characterized by 


(5.6) limlimsup / \Fa^\'^ dvolg > eo, 

r^O m->-oo JBr{xi) 

where £q G (0,1] is a universal positive constant. (Our proof of Theorem 15.II and proofs of similar 
results show that this constant is determined by the minimum energy of a non-flat connection 
on a non-trivial principal G-bundle over with its standard round metric of radius one, namely 
that of a non-flat anti-self-dual or self-dual connection.) Of course, for each i G {1,...,/}, since 


/ \FAm.\‘^ dvolg < / IFa^I'^ dvolg < sup / \Fa^\‘^ dvolg < oo, 

JBrixi) Jx mmJx 

the limit in (15.61) is finite. By virtue of ()5.6p . there is a subsequence, {m'} 
(compare |32l Equation (4.3)] and |3ll Equation (29.37)]) after relabeling. 


(5.7) 


(oj := lim lim / \Fa'" 


' dvolg > £o, 1 < i < 1. 


Vm G N, 

C {m}, such that 
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For a sufficiently large positive constant, 

(5.8) R = £[l,oo) 

to be determined in the sequel (see (15.191) and note that Sq is a universal constant), we choose 
p = / 9 (g, i?, X, [^4°°]) G (0,1] small enough that (compare [32l Equation (4.4)] and [3ll Equation 
(29.39)]) 


(5.9) 


8Rp < 1 A Inj(X, ( 7 ) A mindistg {xi,Xj), 


and (compare [HI Equation (29.40)]) 


L 


\Fa^\‘^ dVOlg < 


16 


(5.10) 

'^SRpixi) 

We now define sequences of relative mass centers and scales by adapting our construction in m 
Section 4.2]. Theorem 13.11 implies that, for each i G {1, 

(5.11) Fa^ —>• Fa<=° strongly in L\^^{Bp{xi) \ {xj}), as m —)• 00 , 
and thus we also have (compare |32l Equation (4.5)] and [HI Equation (29.42)]) 


(5.12) Si = lim 




(]F) 4 m]^ — ]F) 4 oo]^) dvolg 


lim lim / dvoL 


= lim lim 
r—>-0 m^oo 


Br(xi) 


dvol 


9 ■ 


By virtue of (I5.12p we may also assume, by restricting to large enough m and then relabeling the 
sequence if needed, that (compare [32l Equations (4.9) and (4.10)] and [HI Equation (29.43)]) 


(5.13) 


7 


' Bp{xi) 


IlFAmp — jF^oo]^! dvolg < -Si, Vm G N. 


For each i G the data ({[^”^]}meN, [^°°]) 5; p) determine a sequence of relative 

local mass centers, {xi,m}mGN C Bgp/g{xi), with coordinates = (<p~^(xi,m))^ (compare [32l 
Equation (4.6)] and [H] Equation (29.44)]) 

1 f 


(5.14) Xim-.= ^l x"'(jF^mj^ - jF^oo]^) dvolg, 1 < za < 4, VmGN, 




i JBp[xi) 


and relative local scales, {Xi^m }meN C (0, 3p/(2\/2)) (compare [32l Equation (4.7)] and [HI Equa¬ 
tion (29.45)]), 

(5.15) distg{-, Xi^rnf \\FAm\‘^ - \Faoo\'^\ dvolg, VmGN. 

JBp{xi) 

The upper bound, 3p/(2\/2), for the scales, Xi^m, is due to the upper bound 9Si/8 in (I5.13|l . 

Equation (|5.15p leads to the following Chebychev-type inequality (compare [32l Equation (4.8)] 
and [HI Equation (29.46)]) for all F > 1 , 


(5.16) 


L 




|]Fyim]2 — jF^oopI dvolg < R “^Si, VmGN. 
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For a verification of (15.161) . we refer to [3T]. Our definitions (I5.14p and (15.151) of the relative 
mass centers and scales ensure that they have the properties described in Claim [531 whose proof 
follows mutatis mutandis that of [311 Claim 29.7] with the aid of (I5.16p . 

Claim 5.4 (Convergence of relative mass centers and scales and absence of bubbling over 
Bp{xi) \ For each i € {1,... ,1}, one has 

(5.17) Xi^rn Xi, 

(5.18) 0, asm^oo. 

If in addition the constant R> 1 is large enough that 

(5.19) <^, VxiSx, 

then no bubbling can occur for the sequence over Bp{xi) \ Bxf ^nixi^m) as m ^ oo. 

We can now dispose of the proofs of the remaining assertions of Theorem 15.11 Item ([2|) is a 
consequence of the fact that the Yang-Mills equation is invariant with respect to rescaling of the 
Riemannian metric. (Indeed, the equation is invariant with respect to conformal transformations 
of the Riemannian metric.) Items m and dll) are proved by adapting mutatis mutandis the 
method of proof of the corresponding items in the proof of m Theorem 29.6], with the role of 
[m Theorems 29.3 and 29.4] replaced by that of Theorem 13.11 

The proof of Item ([5|) follows from the expressions (I5.12p for d), the definitions (I5.14p and 
(I5.15P of the relative local mass centers, Xi^m, and relative local scales, the Definition 14.81 
of the global mass center and scale of a positive Borel measure on the definition (15.2p for 
the sequences of Riemannian metrics, gi^m, and their convergence described in Item ([I]); and the 
definition (j5.1j) for the sequences of connections, and their convergence described in Item 
(l3p . (Compare the proof of [32l Lemma 4.7].) 

Item dH) follows just as in the proof of the corresponding item in [311 Theorem 29.6]. Item ([7]) 
is an immediate consequence of the definitions. □ 


Remark 5.5 (On the definitions of the local centers and scales in Theorem 15.11) . In the defini¬ 
tions (I5.14P and d5.15l) of the local centers and scales, we could just as easily have replaced the 
normalization factors S'i by 



|Faoc|2) dvolg , 


as one can see from d5.12l) . This redefinition would have the advantage that it is notationally 
more consistent with our definitions of the centers and scales for connections over in Section 

SH 


5.2. Bubble-tree compactification for the moduli space of anti-self-dual connections. 

In this section, we provide bubble-tree analogues of the Definition 13.151 of Uhlenbeck convergence 
of Sobolev connections, Uhlenbeck compactification of the moduli space of anti-self-dual connec¬ 
tions, and Definition 13.171 of an open Uhlenbeck neighborhood of a Sobolev connection (more 
generally, an ideal Sobolev connection). While we essentially follow our previous development 
[32l Section 4.3], we simplify and streamline that description. 

Definition 5.6 convergence with one level of rescaling for a sequence of Sobolev connec¬ 

tions). Let G be a compact Lie group and P be a principal G-bundle over a closed, connected, 
four-dimensional, smooth manifold, X, and endowed with a Riemannian metric, g. Let 
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be a sequence of connections on P of class with p>2 and integer k > 1 obeying (k+l)p > 4, 

and 

E := limsup < oo. 

m^oo 

Let Aq be a connection on a principal G-bundle Pq over X with r]{Po) = p{P)- Let ^ > 0 

be an integer and, if ^ > 1, let x e Sym^(X) be represented by the set C X of 

distinct unordered points with I < I and let /* be an oriented ^r-orthonormal frame for (TX)xi, 
for 1 < i < 1. Let Ai be a connection on a principal G-bundle Pi over 5^, let > 0 be 

an integer and, if k > 1, let y* = {yi,i,. .. C S‘^\ {s} be a collection of distinct unordered 

points, for 1 < i < 1. 

Let R and p be positive constants obeying (j5.9p ancil 

(5.20) R-^E < 
where we define 

(5.21) <^g{G) '■= inf {'^ 5 round(^) : ^ is a connection on P —)■ , 

P ^ X G 

to be the minimum valu^, over all non-trivial principal G-bundles P over with its standard 
round metric of radius one, of the L^-energy of a connection A on P predicted 

by the Chern-Weil formula [HI Section 9], [56l Appendix C], [92l Appendix]. 

Suppose that ^ > 1 and /* > 1 for 1 < i < 1. For 2 < p < p and integer 0 < k < k, we say that 
{A^jmeN converges in with one level of rescaling to a level one limit, 

(Ao,(Ai,yi),...,(Az,y/)), 
if, as in Theorem 15.11 there exist sequences, 

{'am}m€N) }mSNj 

and sequences {/i,m}mGN defined by the choice {fi} such that, for 1 < i < / and as m —)> oo, one 
has the convergence specified by Theorems 13.11 and 15.11 

Xi,m ^ Xi, fi,m ^ fij ^i,m ^ Oj 

UmiA^^Ao inlT^;P„^(X\x), 

i 

\FAm\^dvolg - |PAoPdvolg + ^ in (C(X;M))', 

i=l 

Ui,m{A^) Ai in \ {y*, s}), 

k 

jPA-pdvohound ^ \FAi\‘^ dvolronnd + '^^i,j hyi j in ((^(S"^; M))', 

1=1 

where dvolround is the volume form for the standard round metric (ground of radius one on S^. If 
/ = 0, the preceding convergence simplifies to 

Um{A^) —)• Aq in W^^{X), for m —^ oo. 

'^This condition implies the hypothesis (15.191) in Theorem 15.II 

®This topological lower bound is attained by a ground-anti-self-dual or ground-self-dual connection on P, irrespec¬ 
tive of whether such a connection actually exists for P,ground). 
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If Zj = 0 for some i then the preceding convergence simplihes to 

^ Ai in \ {*)), 

IF^^I^dvolround ^ lAJ^f^volround in R))', for m-i oo. 

The definition of the full bubble-tree convergence of a sequence of Sobolev connections is 
obtained from Definition l5.6l modeled on the observation that one may repeatedly apply Theorem 
ED until the sequences of rescaled connections over \ {s} converge in \ {s}) without 

points of curvature concentration in \ {s}. 

Definition 5.7 convergence with L levels of rescaling and bubble-tree convergence 

of a sequence of Sobolev connections). Continue the notation of Definition 15.61 We say that the 
sequence on P ^ X converges in with zero levels of rescaling if {d4"*}meN has 

the standard Uhlenbeck convergence specified in Definition 13.151 

Suppose that {d4™'}meN converges in with one level of rescaling and that k > 1 for at 

least one i € {1,...We say that converges in with two levels of rescaling to 

a level-two limit, 

(^0, (^1, • • •, (^1, (^i,Zi,yi,q))), 

(^0, (^2, (^2,l,y2,l)), • • • , (^2, {M,l2',y2,l2)))-, 


(^0, (^z,i,y«,i)), ■ ■ ■, {A, {Ai,ii,'yi,ii))), 

if the sequenc^ {d4™}meN on Pj —>• \ {s} converges in wiff with one level of rescaling for each 
i & {1,... ,1} such that k > I and hence the set y* C of points of curvature concentration 

is non-empty. 

Continuing in this way, if {d4”^}meN converges in with L levels of rescaling (for an integer 
L > 0) and at least one non-empty set of points of curvature concentration in 5^ \ {s}, we apply 
Definition 13.151 to define convergence in with L 1 levels of rescaling. 

Finally, we say that {d4”^}meN converges in in the sense of bubble trees to a bubble-tree 

limit if converges in with L levels of rescaling and no remaining points of curvature 

concentration in \ {s}. 

As Definition 13.151 the definitions of bubble-tree convergence for a sequence of Sobolev 
connections in Definition 15.71 extends in an obvious way to a sequence of bubble-tree Sobolev 
connections. 

Again, is often convenient to work with a base for the bubble-tree topology on M'^{P,g) 
corresponding to the Definition 15.71 of sequential bubble-tree convergence. Before proceeding to 
do this, we first extract definitions of local mass centers and scales modeled on the definitions 
()5.14[) and (I5.15j) and Remark 15.51 arising in the proof of Theorem 15.11 and the corresponding 
global definitions for connections over in Definition 14.11 

Definition 5.8 (Local mass center and scale of a connection on a principal G-bundle over a 
four-dimensional Riemannian manifold). Let G be a compact Lie group, P be a principal G- 
bundle over a four-dimensional, Riemannian, smooth manifold, {X,g), and p £ (0,Inj(A, g')], and 

abuse notation since this sequence of connections is only defined on a sequence of balls with increasing 
radii that provide an exhaustion of S*‘ \ {s}. 
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^0 be a connection on P I B(xo,p), and /o be an oriented orthonormal frame for {TX)xq, 
given a point xq G X. Then the local relative mass center, zq = Center^g jQ^p[74] G and the 
local relative scale, A = Scale^Q G M_|_ = (0, oo) of connection A on P f B{xq,p) with 

positive mass relative to Aq are defined by 

(5.22a) MassAo,/o,p[^] — f - l-^AoP) dvolg > 0, 

Jb(xo,p) 

(5.22b) Center:= ^ ^ / x(-) {\Fa\^ - |PaoP) ^volg, 

iviass/iQ^j’Q^p[Aij Jb{xo,p) 

(5.22c) ScaleAo,/o,p[^]^ — Pf- - -Ml I distp(-,xo)^ \\Fa\^ - \Fao\‘^\ dvolg, 

MassAo,/o,p[^J Jb{xo,p) 

where xq := </?/(, (zq) G X, and x(-) = ipj^ denotes the local geodesic normal coordinate chart 
on B{xo, g), and ‘Pf^ = D B{0, g) = B{xo, g) C X is the exponential map defined by 

the frame /o, and g := Inj(X, <7). If MassAo,/o,p[^] ~ b; defines CenterAo,/o,p[^] := 0 and 
ScaleAo,/o,p[^] := 0- 

In the inequality (|5.25l) appearing in Definition l5.9l the points Xi and scales A* may be regarded 
as being determined by Definition 15.81 although this is not required even if the typical case. We 
have the 


Definition 5.9 bubble-tree open neighborhood of a bubble-tree connection). Continue 

the notation of Definition 15.71 Let s G (0, 1], and p G (0,Inj(X, 5 ^)), and R G [l,oo). Let I > 1 
be an integer and x := {xi,... ,xi} C X be a subset of distinct points. Let /o be an oriented 
orthonormal frame for {TS‘^)n- We say that a connection X on P belongs to a bubble- 
tree {e,p,R) open neighborhood of a level-one bubble-tree connection, {Ao,{Ai,xi),... ,{Ai,xi)), 
if the following hold: 

(1) There is a isomorphism of principal G-bundles, 

u:P(X\x^Po rX\x, 


such that, for some ^background £ (0,e], 

(5.23) ll'^*(^) “ ^ ^background) 

where Pr(x) := u\^]^Br{xi) for any r G (0, Inj(X, 5 :)]; and 
(2) There are a set of scales, C (0,1], which obeys the following analogue of (j5.9n . 

(5.24) 0 < R\i < p and Ap <\ f\ Inj(X, 5 :) A mindistp(xj, Xj), 

a set of points, {xi}\^i C X with Xj G B{xi, p/ A), and, for 1 < f < Z, an oriented 
orthonormal frame fi for {TX)xi obtained by parallel translation, using the Levi-Civita 
connection for g, of a choice of oriented orthonormal frame fi for (rX)^;., and 
isomorphisms of principal G-bundles, 

'^i ■ ( B{xi,2p)) ^ Pi \ (73„(P(0,2/9/Ai)), 

where pn{B{^-,‘2'P/\i)) = S^\ (/?s(P(0, Ai/2/3)), such that, for some Ssphere £ (0, e], 

(5.25) \\ui{p,^ ’ 6^, ’ Pxi^) ~ -^'^\\wh''‘‘(SF^ps(B(0,l/2R)) ^sphere) for 1 < Z < Z, 
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where is the geodesic normal coordinate chart on the open ball Bgixi) defined by the 
oriented orthonormal frame /j for (TX)^. and g := Inj(X, ( 7 ), and \ {s} = 

is the stereographic projection from the south pole s G C defined by /o, and 
: 5"^ \ {n} = is the corresponding stereographic projection from the north pole 
n G C and (5 a : 1^^ 3 —)• x/A G for A > 0; and 

(3) One has, for some Sannuius G (0,e], 

(5.26) \\^A\\L'^{Q,{xi\R\i/4:,2p)) ^ ^annulusj for 1 < i ^ h 

We define mutatis mutandis a connection X on P to be in a bubble-tree (e, p, R) open 
neighborhood of a level-two bubble-tree connection, 


(Xo, (^1, xi, (X14, xpi)), ...,{Ai,xi, , xi,zj)), 

( 2I0 ? (^2 ; ^2 ; (^ 2,1 ; ^ 2,1 ))?•••? (.^2 ; (^ 2,/2 5 ^ 2,/2 ))) 5 


( 2 I 0 , {A, {A,i,xip)),{Ai, {Ai^i^,xi^ij))). 

Finally, for any number L > 0 of iterated rescalings, we define mutatis mutandis a connection 
X on P to be in a bubble-tree (e, p, R) open neighborhood ^ d (P) of a level L bubble-tree 
connection, where (P) denotes the affine space of connections on P. 

We say that [X] G ^{P,g) belongs to a bubble-tree {e,p,R) open neighborhood ^ C 

AS{P) if A belongs to a bubble-tree {e,p,R) open neighborhood 7r“^(^) C s/{P). Here, 
S§{P, g) = £/ (P)/ Aut(P), where Aut(P) is the group of gauge transformations of P, and 

TT : ^ (P) —>• =^(P, g) is the projection map. 

If we need to emphasize the individual values of Sbackground j ^sphere j or Sannuius in the preceding 
definitions, then we write e = (ebackground,^sphere,^annulus) and refer to bubble-tree {£,p,R) 

open neighborhoods. 

Definition 5.10 (Fine bubble-tree open neighborhoods in £/{P) and AS{P,g)). Let ^ C 
s/ (P) and ^ C ^d^{P, g) be as in Definition 15.91 We call ^ (respectively, ^) fine if there 
are constants ^center j Escaie G (0,e] such that the following holds for every pair of connections 
A,A'£^ (respectively, points [A], [A'] G '^). 

If L = 1, then the pairs of local mass centers, {xi}\^i,{x[}\^i C X, and pairs of local scales, 
C (0, /?], defined by A and A', respectively, and p G (0, Inj(X, p)] and C X, 

obey 

(5.27) I A' - Ail < escaiemin{Ai, A'}, 

(5.28) distg(xi,x') < ecentermin{Ai, A'}, for 1 < f </. 

If L > 2, then the analogous relations should hold for pairs of local mass centers in \ {s} and 
pairs of local scales in (0,p]. 

Definition 5.11 (Coarse bubble-tree open neighborhoods in s^{P) and A^{P,g)). Assume 
the notation of Definition 15.101 We call (respectively, ) coarse if there is a constant ^center G 
(0, e] such that the following holds for every pair of connections A, A' G ^ (respectively, points 
[A],[A']g^). 
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If L = 1, then the pairs of local mass centers, C X, and pairs of local scales, 

{AjLoUaU C (0,p] obey If ^ > 2, then the analogous relations should hold for pairs 

of local mass centers in \ {s} and pairs of local scales in (0, p]. 

Briefly, C ^{P,g) is a fine neighborhood if for each pair of points, [A], [A'] E their local 
scales and local mass centers are close to one another relative to the smaller of each pair of local 
scales, while ^ C ^{P,g) is a coarse neighborhood if for each pair of points, [A], [^4'] G we 
only require that their local mass centers are close to one another relative to the smaller of each 
pair of local scales. 

As with Dehnition 15.71 the dehnition of a bubble-tree open neighborhood of a Sobolev 
connection in Definition 15.91 extends in an obvious way to a bubble-tree open neighborhood 
of a bubble-tree Sobolev connection. 

Suppose in addition that X is oriented. We let BM{P,g) denote the set of gauge-equivalence 
classes of bubble-tree g-anti-self-dual connections on P, where each point in BXI{P,g) consists of a 
labeled tree ^ (see Diestel [22] for definitions of terms relating to trees), with a gauge-equivalence 
class of a g(-anti-self-dual connection on a principal G-bundle Pq over X associated to the root of 
the tree and a gauge-equivalence class of ^(round-anti-self-dual connections on principal G-bundles 
over associated to each other vertex of the tree. Each point in BM{P,g) obeys the constraint 
that r]{Po) = giP) and <Pg{P) is equal to the sum of the Lfi energies of all connections attached 
to vertices of the tree. 

For example, ([Aq], [Ai], ..., [A/]) G BM{P,g) if Aq is a 5 (-anti-self-dual connection on a prin¬ 
cipal G-bundle Pq over X obeying g{Po) = g{P) and each Aj is a gfround-anti-self-dual connection 
on a principal G-bundle Pi over S^, for 1 < i < I, such that 

i 

Y,w) = <^9ip)- 

i=0 

We observe that the collection of bubble-tree open neighborhoods given by Definition 15.91 
form a basis for a topology on BM{P,g), called the bubble-tree topology. One may check that 
BA4{P,g) is then a Hausdorff, regular, second-countable topological space and thus metrizable. 

We define the bubble-tree closure, M'^{P,g) (compare [321 Definition 4.3]), to be the closure of 
M{P,g) in BM{P,g), with respect to the bubble-tree topology. 

Again, elliptic regularity for solutions to the anti-self-dual and local Coulomb-gauge equations 
ensure that the definition of bubble-tree topology on M'^[P,g) is independent of the choice of 
{k,p) obeying k > 1 and p > 2 and (k -\- l)p > 4 or (k,p) obeying < k < k and 2 < p < p. 
Theorems 13.11 and 15.11 yield the 

Corollary 5.12 (Sequential bubble-tree compactness for the moduli space of anti-self-dual con¬ 
nections on a principal G-bundle). (Compare |32l Theorem 4.15]J Let G be a compact Lie group 
and P be a principal G-bundle over a closed, connected, four-dimensional, oriented, smooth man¬ 
ifold, X, and endowed with a Riemannian metric, g. Then M'^{P,g) is sequentially compact. 

Sequential compactness and compactness coincide for the bubble-tree topology on M'^{P,g) 
since this topology is metrizable and thus we obtain the 

Corollary 5.13 (Bubble-tree compactness for the moduli space of anti-self-dual connections on 
a principal G-bundle). (Compare |32l Theorem 4.14]J Assume the hypotheses of Corollary \ 5.1^ 
Then M'^{P,g) is compact. 
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5.3. Bubble-tree compactification for the moduli space of Yang-Mills connections. Fi¬ 
nally, given in addition a compact subset ^ C [0, oo), we define the bubble-tree compactification, 
Grit (P, g, ‘^), of the moduli space of Yang-Mills connections on P with energies belonging to 
^ by exact analogy with the definition of M'^{P,g) in Section 15.21 

We let BCrit(P, < 7 ,denote the set of gauge-equivalence classes of bubble-tree g-Yang-Mills 
connections on P with energy in where each point in BCrit(P, 5 ,^) consists of a labeled 
tree [ 22 ], with a gauge-equivalence class of a Yang-Mills connection on a principal G-bundle 
Pq over X associated to the root of the tree and a gauge-equivalence class of ground-Yang-Mills 
connections on principal G-bundles over associated to each other vertex of the tree. Each 
point in BCrit(P,g,^) obeys the constraint that g(Po) = g(P) and S’g{P) is equal to the sum of 
the energies of all connections attached to vertices of the tree. 

One may check that BCrit(P, g,'^) is a Hausdorff, regular, second-countable topological space 
and thus metrizable. We define the bubble-tree closure, Grit {P,g,^), to be the closure of 
Grit(P,g,*^) in BGrit(P, g, ^), with respect to the bubble-tree topology. 

Once again, elliptic regularity for solutions to the Yang-Mills and local Goulomb-gauge equa¬ 
tions ensure that the definition of bubble-tree topology on Grit (P, g,"^) is independent of the 
choice of {k,p) obeying k > 1 and p > 2 and (k -\- l)p > 4 or {k,p) obeying 0 < k < k and 
2 < p < p. Theorems 13.11 and 15.11 yield the 

Corollary 5.14 (Sequential bubble-tree compactness for the moduli space of Yang-Mills connec¬ 
tions on a principal G-bundle). Let G be a compact Lie group, P be a principal G-bundle over 
a closed, connected, four-dimensional, smooth manifold, X, and endowed with a Riemannian 
metric, g, and ^ C [0, 00 ) be a compact subset. Then Grit (P, g, is sequentially compact. 

Sequential compactness and compactness coincide for the bubble-tree topology on Grit^(P, g, 
since this topology is metrizable and thus we obtain the 

Corollary 5.15 (Bubble-tree compactness for the moduli space of anti-self-dual connections on 
a principal G-bundle). Assume the hypotheses of Corollary \5.14\ Then Crit’^(P, g, is compact. 

6. Bubble trees and smooth Riemannian metrics on connected sums 

Section 16.11 provides an overview of our construction of Riemannian metrics on connected sums 
of a given four-dimensional manifold, X, and copies of , as prescribed by a tree, ^, where 
X labels the root vertex. In Section 16.21 we describe in detail the construction of a Riemannian 
metric, g^, on a connected sum, Xff^S^, defined by bubble-tree data. Section [63] contains our 
analysis of how the metric, g^, converges as the neck or annulus widths shrink to zero. Lastly, in 
Section 16.51 we review results due to Taubes (93] [95| on the quasi-conformal invariance property 
of the Sobolev norm for sections of T*S^ ® adP, where P is a principal G-bundle 

over S^, endowed with its standard round metric, ground, of radius one. 

6.1. Introduction and motivation. In our discussion of bubble-tree convergence in Section 
(5] we have focused on rescaling a g-Yang-Mills connection A belonging to a bubble-tree open 
neighborhood (Definition 15.9p near points of curvature concentration Xi G X using the local 
scales Aj £ (0,1] and oriented g-orthonormal frames fi for {TX)^^. However, taking the example 
of one level of rescaling, we have not yet indicated how one might construct a smooth Riemannian 
metric, g^, on a connected sum, that is conformally equivalent to g on Y and has 

the following properties; a) the metric on each copy of is G^-close to the standard round 
metric, gg 4 , of radius one on the complement of small balls, (^s(P(0,4\/Ai)) 5"^ \ {s}; b) the 
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metric is equal to g on X\B{xi, Ay/Xi); and c) each neck joining a copy of S^\g:>s{B{0, y/Xi/2)) to 
X\L)\^iB{xi, y/Xi/2) has a metric that is approximately cylindrical and is conformally equivalent 
to g on the annulus, Xl{xi] y/Xij2, 2^/Xi) C X. 

Our motivation for the construction is to show that rather than rescale a Yang-Mills connec¬ 
tion, A, near points of curvature concentration x* € Y by the local scales Aj, one may equivalently 
rescale the Riemannian metric, g, on Y to a conformally equivalent metric, g^, on 
with respect to which A is Yang-Mills by conformal invariance of the Yang-Mills equation, in 
turn a consequence of the conformal invariance of the L^-energy functional, £’g : ^{P) [0, oo). 

This construction goes back to Donaldson |26t Section IV (ii)] and Donaldson and Kronheimer 
[28l Sections 7.2 and 7.3], but we provide more detail here that is used in our analysis in Section 
[7] and especially. Sections 17.4117.51 and 17.61 

A construction of a smooth Riemannian metric on of this type was given by the author 

in m Section 3.5], but our development was notationally complex as we treated the general case 
of a connected sum of Y and trees ^ of arbitrary height with copies of S'^ at each vertex other 
than the root, which is labeled by Y. In this section, we clarify and simplify our description 
in m Section 3.5] by restricting our attention to trees of height one (thus ^ = {1,...,/}) and 
provide additional detail for this special case to better explain how it may be iterated in order 
to accommodate trees of arbitrary height. The description of the general case differs only in 
notational complexity from the special case we describe in Section 16.21 

6.2. Construction of a Riemannian metric on a connected sum defined by bubble- 
tree data. Our construction of a Riemannian metric is not specific to dimension four, so we now 
allow the manifold Y to have an arbitrary dimension d > 2. To define the smooth Riemannian 
metrics over the neck regions, we use geodesic polar coordinates on each ball, B{xi, g) C Y, where 
Q := Inj(Y,g') and Xi € X for 1 < i < 1. Recall from [H Propositions 1.33 and 1.53 and p. 12] 
that the expression for the components of a Riemannian metric g with respect to geodesic polar 
coordinates centered at a point Xi in a Riemannian manifold Y of dimension d is 

g{x) = (dr)^ -|- r^hab{rO) d9°‘ d9^, r G (0, g) and 9 G 

where x = r9 € B{0,g) with r := ((x^)^ G (0, ^3); the x^ (for 1 < /r < d) 

are geodesic normal coordinates centered at Xi and obtained by composing the inverse of the 
exponential map, : X D B{xi, g) —)• B{0, g) C (TYj^,. = with the standard coordinates 

on the fi is an oriented ^f-orthonormal frame for (TYj^,.; and the (for 1 < a < d — 1) are 
the induced spherical coordinates on S'^~^ C (TY)^;. = 

6.2.1. Construction of neck metrics emanating from annuli centered at points in X. Setting t := 
logr and x = e*d, the expression for the Riemannian metric g with respect to the resulting 
geodesic cylindrical coordinates near Xj becomes, 

g{x) = + hab{e^9) d9°‘d9^'^ , t G (—oo, log g) and 9 G 

and this is conformally equivalent to a metric corresponding to Xj, 

ds^ = (dt)^ -I- hab{e^0) d9°'d9^, t G (—oo, log g) and 9 G 5"^“^, 
which is C^-close to the standard cylindrical metric corresponding to Xj, 

dSpyi = (dt)^ -|- (dd)^ on (—oo,log^) x 
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Therefore, we can form a neck metric extending from X near Xi by choosing a smooth function, 
Ki G C°°(R), such that 


Ki(t) 


r = e* for log(4-/Ai) < t < log g, 

ri = e** = 2\/\l for — oo < t < log(2v^). 


For example, we may choose Ki{t) := (1 — where fii G obeys 0 < /3i < 1 

on M and 


( 6 . 1 ) 




1 for log 4 + (log Xi)/2 <t < oo, 

0 for — oo < t < log2 + (log Ai)/2. 


We can define such a function, /3i, by setting 


I3i{t) := a{t - (logAi)/2), 
where a G C°°(M) obeys 0 < a < 1 on M and 


a{t) := 



for t > log 4, 
for t < log 2. 


We thus form a metric that conformally bends upward into a tube emanating from a small 
{d — l)-dimensional sphere centered at each xi G X, 


( 6 . 2 ) 


'4Ai {{dtf + hah{e^0) dO^dO^) 

Ki{tf {{dtf + hab{e^e) dd^de^) 
((dt)^ + hab{e^0) d6°‘d9^) = g{x) 


for X = e^O G ^{xi] \/Ai/2, 2y/\), 
for X = e^O G 12(xi; 2^/\i, 4^/Xi), 
for X = e^O G fl(xj;4\/Ai, g). 


This is a smooth metric on the neck that is conformally equivalent to g on Vt{xi-,y/\i/2,g), 
approximately cylindrical on fl(xi; \/Ai/2, 2y/Xi), and equal to g on ^{xi; 4V^, g)- 


6.2.2. Construction of a neck metric emanating from an annulus centered at the south pole in S”^. 
Now let us consider the corresponding definition of an approximately round, radius-one, smooth 
metric on S”^ \ 2y/Xi)) that is conformally equivalent to g on the ball B{xi, 2^/Xi) 

and, in particular, that obeys the smooth matching condition, 

^^ube,i ^ on Cl (^Xi; \f\il2,2^J A*^ C X, for 1 < i < L 

We now consider the effect of the orientation-reversing inversion map, 

\ {0} ^ X = rd z = i{x) = x~^ = r~^d G \ {0}, 
or more precisely its pull back via the geodesic normal coordinate chart, : X D 

B{xi, g) —)■ B{0, g) C where x~^ := {xi, —X 2 , ■ ■ ■, —Xd)l\x\’^. Thus, 

B (^0, 2^/xlj \{0}^R‘^\B (^0,1/2, rd ^ r-^. 

We now compose the preceding inversion with the rescaling map, 3 z y = (5i/,^(2;) = XiZ G 

M‘^\.b(o,1/2^/a/) ^M'^\.b(o,\/a//2) , ze^XiZ, 
to give the rescaled inversion map, 

B (o, 2 \/a') \ {0} ^ M'" \ 5 (o, x/a“/2) , 


rd !-;■ Ajr ^d. 



DISCRETENESS FOR ENERGIES OF YANG-MILLS GONNEGTIONS 


57 


The rescaled inversion map restricts to an orientation-reversing diffeomorphism of the annulus, 

(o; y/Xi/2,^ (o; v^/2, 2y^^ C 

and hence of 

X Dn (xt; \f\i/2, ^ O [xi' v^/2, 2^^) C X, 

after composition with the restriction of the geodesic normal coordinate chart, 
ip-^ : X D 52 (xi; v^/2,2V\) ^ 0 (o; ^i/2,2^^ C 

and its inverse. 

We now pull back the metric g on the ball B{xi,2y/Xi) by the composition of the inverse of 
the geodesic normal coordinate chart and the inversion map, 

i*(p*g{z) = gfj,u{z)dz^dz^, for Iz] > 1/2 a/\. 

Now pulling back by the rescaling map as well, 

for Ivl > \/^/2, 

we define 

9^d{y) ■■= X:[‘^6~^’*t*(p*g{y), for \y\ > ^/%/2, 

and therefore, 

y^diy) = 9iiuiXiy) dy^dy'', for \y\ > y/x'i/2. 

Just as in the construction (I6.2p of the metric over the annulus X D 52(xj; V^/2, 2^/Xl) = 

Q{0] y/Xi/2,2^/Xi) C M'^, the metric 

9Rd{y) = + habie^O) dd'^dd’’^ on (-log2-h (logAi)/2, log2-F (logAi)/2) x 5"^“^ 


for y 


e^O is again conformally equivalent to a metric on the cylinder, 

ds^ = (dt)'^ + hab{e*0) dO'^dO^ on (—log 2-|-(log Ai)/2, log2-|-(log Ai)/2) x 5"^“^, 


that approximates the standard metric on the cylinder, 

ds^yi = {dtf + {dOf on (-log2 (logAj)/2, log2 (logAj)/2) x S'^~^. 


Therefore, by analogy with the definition (16.21) of the metric we conformally bend the 

metric g^d{y) downwards into a tube emanating from a small (d— l)-dimensional sphere centered 
at the south pole s G S"^, 


(6.3) 



{{dtf + habie^O) dd^dO'^) = g^diy) 
< Ki{tf {{dtf + habie^e) dO^dO^) 

AXi {{dtf + habie^e) de^de'>) 


for Ay/Yi < \y\ < oo, 
for 2y/X'i < \y\ < Ay/Xl, 
for V^/2 < \y\ < 2V^. 


On the other hand, we can construct an approximation to the round metric of radius one on 
S"^ \ (ps{B{0,^/X'i/2)) by replacing the standard Euclidean metric, 6, in the expression (14.7p for 
9s<i by that is 

9s<i(y) ■= (i+|^|2)2 gK^(d), for \y\ > \/Xi/2. 
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Over the annulus 0(0; 2y/Xil, 4:^/Xi) C we may interpolate between the square of the confor¬ 
mal factor, 2/(1 -|- |?/p), and the constant, 1, via the function 


Ci{t) := 


'2/(1+ e2*) 

< 2A(t)/(l + e20 + (l-A(t)) 

1 


for log 4-1- (logAj)/2 <t < oo, 

for log 2 (log Ai)/2 < t < log 4 (log Xi)/2, 

for -\og2 + (log Xi)/2 < t < log 2 (log Ai)/2, 


where y = e^O and /3j is as in (16.11) . By combining these conformal factors, we obtain a smooth 
metric for y = e^9 G obeying \y\ > \fXil2 such that 


(6.4) 



' (46^7(1 + e2*)2) {{dtf + hah{e^9) dO^de^) 

< {{dtY + Kbie^d) dO^^dO^) 

4Ai [{dtf + hab{e^0) dO^^dO^) 


for A^/Xl < \y\ < oo, 
for 2y/X'i < 71 < 4v^, 
for 7^/2 < 71 < ^y/Xl. 


This is a smooth metric that is approximately equal to the round metric of radius one on 5'^ \ 
y?s(B(0,4\/Ai)), approximately cylindrical on n(0; -v/A//2, 2y/Xj)^ and conformally equivalent to g 
on the ball X D B(xi; 2^) Vk/2)) C S^. 

By construction, the smooth metrics on each copy of S'^\(ps{B{0, ^/Xi/2)) match 

on the cylinder. 


0(0; v^/2, 2v^) ^ (- log 2 + (log A7/2, log 2 + (log A7/2) x S^-\ 


and so we have constructed the desired smooth Riemannian metric, g"^, on 


6.2.3. Iterated eonformal blow up of a Riemannian metric. The construction in Sections 16.2.II and 
16.2.21 may be iterated as often as required to give smooth Riemannian metrics, g^, on connected 
sums, corresponding to trees, of arbitrary height arising in bubble-tree data provided 

by Definition 15.91 


6.3. Equivalence of iterated conformal blow-ups of Sobolev connections and iterated 
conformal blow-ups of Riemannian metrics. As we noted in Section 16.11 the process of 
locally rescaling a sequence of connections, {A^jmeN on P, as in our Definition [5T] of bubble-tree 
convergence, is equivalent to the process of constructing a sequence of locally rescaled Riemannian 
metrics, {5™'}meN on A = Xff^S^ from the bubble-tree data for {A™}meN) just as in Section 
16.21 This alternative view of bubbling via the sequence of pairs of Riemannian metrics and 
connections, {(A™-, on (P,A#^5'^), is convenient since each metric g"^ is smooth on 

Xff^S^ by virtue of the explicit tube construction joining copies of to one another and to X 
as specified by the tree, tX. In particular, each metric g'^ is conformally equivalent to g on A via 
a smooth diffeomorphism, /i™ : A = so g^ = h^’*g. Away from the neck regions in the 

connected sum, each metric g^ coincides with g on A and is C^-close to the standard 

round metric, Ground) of radius one on each copy of S"^. 

We can thus use the bubble-tree data to rescale a sequence of smooth connections, {A^lmGN) 
via a sequence of conformal diffeomorphisms, C Conf(A, gr), and produce a sequence of 

smooth connections, {/i™'’*A™' }mgN, on {h'^’*P,Xff^S^) = (P, A). For the purpose of keeping 
track of the data used to rescale {A^jmeN aud define {5”*}meN) h is convenient to make the 

Definition 6.1 (Iterated conformal blow-up of a Sobolev connection and a Riemannian metric 
defined by bubble-tree neighborhood data). Let G be a compact Lie group and P be a principal 
G-bundle over a closed, connected, four-dimensional, smooth manifold. A, and endowed with 
a smooth Riemannian metric, g. Suppose e,p £ (0,1] and R € [l,oo). Let A be a Sobolev 
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connection on P of class , with p > 2 and integer A; > 1 obeying {k + l)p >4. \i A belongs 
to a VFjof bubble-tree {e,p,R) open neighborhood (Definition 15.9jl . let 

Z := {zi,Z2,...,Zl,Zll,Zl2,...), 

A := (Ai, A2,..., Az, All, Ai2, ■ ■ Oi 


denote the finite sequences of mass centers and scales associated with A, corresponding to all 
vertices in the finite tree, defined by the bubble-tree neighborhood, This data and the 
construction in Section [6.21 define a conformal diffeomorphism, G Conf(Af, gf), and 

on 

the iterated conformal blow-up of the connection, A on P, and Riemannian metric, g on X, 
respectively. 

When L = 1, the construction of the Riemannian metric, ^ g, can be obtained from Section 
16.21 using the reference points, {a:i}i=ii {^i}i=i ^ Al, local mass centers, C X, 

oriented orthonormal frames, fi for {TX)xi, and local scales, C (0,1], supplied by Defi¬ 

nition [5]9l For 1 < f < /, parallel translation of fi along the geodesic joining Xi to Xi dehnes an 
oriented orthonormal frames fi for (TX)x^ and an exponential map, (fxi = D B{0, q) — 

B{xi, g) C X, where g = Inj(X, 51 ). The dehnition of hf^f*g when L >2 follows by iterating the 
preceding construction over copies of S* in place of X, corresponding to each vertex in the tree 
^ and using the data supplied by Definition 15.91 

When L = 1, the connection A is defined by the data used to construct hf\*g and, in 
addition, parameters p € (0, Inj(X, ( 7 )] and R € [l,oo) supplied by Definition 15.91 If we omit 
the explicit diffeomorphisms identifying the small annuli D(xi; \f\ij2, 2\f\i) C X with the necks 
joining to X near each point Xi G X, then the expression for the connection, A, simplifies 
to 


(6.5) 


A on P I" Af \ B{xi, RXi/2), 

V>n^’*^x!^’*y^*XiP \ \ y^siB{0, /2R)), l<i<l, 


Note that, for 1 < f < /, 

<PniB{0, 2p/\i)) = \ ips{B{P, \i/2p)) and dfl'* p%.A = , A. 

The definition of A when L >2 follows by iterating the preceding construction over copies 
of in place of X, corresponding to each vertex in the tree ^ and using the data supplied by 
Definition 15.91 

When there can be no confusion as to meaning, we write P for the pulled-back bundle, hf^f*P 
on X^^S^^ and abbreviate hf]^*A and hf]^*g by A"^ and 5 ^, respectively. 

6.4. Convergence of the Riemannian metric on the connected snm. When restricted to 
pre-compact open subsets, U ^ S'^ \ {s}, of the spheres, S'^, in the connected sum 
the Riemannian metric, g^, will be approximately but not exactly equal to the standard round 
metric, ground = S'sd, of radius one on S'^. Indeed, that is a key feature of the construction as we 
want the metric to remain within the conformal equivalence class of g in order to preserve the 
Yang-Mills property of A, even when g is not locally flat. However, it is not difficult to see that 
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the metric converges in C^{S^ \ {s}) to ggd for each copy of as A* \ 0, as we now review 
from |32l Lemma 3. 12] 0 

With respect to a geodesic local normal coordinate chart, : X D B{xo, g) = -6(0, g) C M'^, 
defined by a g'-orthonormal oriented frame / for {TX)xq, we have 

ip*g{x) = g^u{x) dx^ ® dx’^, jx] < g. 

Applying the inverse of the rescaling map, 6x : 3 x y = x/X £ M'^, so x = Ay, we have 

^\^’*V>*9iy) = >^'^g^lu{Xy) dyf^ 0 dy'", jyj < g/X, 
and thus we define the rescaled Riemannian metric on 6(0, g/X) by 

9^{y) ■= A“^(5^^’V*y(y) = g^^u{Xy) dyf^ 0 dy’', jyj < g/X. 

We recall from Aubin O Definition 1.24, Proposition 1.25, and Corollary 1.32] that 
(6.6) ^/uixo) = 0, T/^{x) = 0{r), and gf,u{x) = + 0{r^), 

where r := distg(x,xo) and are the Christoffel symbols for g with respect to the local coor¬ 
dinates, x^. Therefore, 


\9uvix) dny \ ^ C*q]x] , 


dg^^u 


(y) 


< C'i]x], 


and 


d^g, 


fiiy 


(9x“i • • • Ox"* 


(x) 


5x“ 

< Ck, \x\ < g, 


for any integer k>2, where Ck = Ck{g) £ [l,oo). Thus, 

d{g^) 


\{glAy)-^^^A<Coy\y\ 

d^{g^'' 


fll/ 


(y) 


<CiX^\y\, 


and 


JflU 


cly“i • • • dy°‘>‘ 
,A 


(y) 


dy 

< CkX\ \y\ < g/X 


and for any integer k > 3. Therefore, g^ converges in (^“(M®) to the standard Euclidean metric, d, 
on as A \ 0 and hence the approximately round metric, g^^, of radius one on S‘^\ips{B{0, X/g)), 


^n9s<iiy) ■= 


^9kiu{Xy) dyf^^dy’', \y\ < g/X, 


{i + \y\^r 

converges in C^{S'^ \ {s}) to the standard round metric, ggd, of radius one on as desired. 


6.5. Quasi-conformally invariant Sobolev norms. From Taubes |931 Section 2], [95( Section 
3, Part 3], we recall the definition of certain Sobolev norms for sections of the vector bundle 
T*S^ (8) adP over that are equivalent to the usual norm on ® adP) but whose 

behavior under the action of the group Conf(6'^) of conformal diffeomorphisms of can be more 
easily described. Such properties were employed by the author in [32l Sections 3 and 4]. 

We first digress to recall the description of Conf(S''^) for d > 3. Let for 

p, y G N, where is the bilinear form |82( Section 1.1] 

p p+<? 

9^''^ic,v) ■■= - E e 

i=l i=p+l 


correct a typographical error in the statement of |32[ Lemma 3.12], where the multiplicative factors of A; 
appearing on the right-hand side of the two inequalities should be adjusted. 
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The d-dimensional sphere, 5'^ C obtains its standard round metric of radius one by the 

inclusion in and is the conformal compactification of Recall from |82l Definition 2.1] 

that the conformal group Conf(MP’'?) is the connected component containing the identity in the 
group of conformal diffeomorphisms of the conformal compactihcation of According to |82] 
Theorem 2.9], when p + q> 2 we have 

Conf(MP’'')^SO(p+l,g + l), 

and thus Conf(5'^) = Conf(M‘^’ 0 ) ^ 

For any A G M+ = (0, oo), let A(-) be the dilation of given by a; eA Ax and for any z G M'^, 
let z{-) be the translation of dehned byxi-Ax — z. IfA(-) and z{-) again denote the conformal 
diffeomorphisms of S"^ induced by the chart then the group SO{d) x M x of 

rotations, dilations, and translations of R'^ is identihed with the subgroup Confs(S''^) C Conf(S''^) 
of diffeomorphisms which fix the south pole s G [Ml p. 346]. Indeed, the finite generators 
of Conf(S"^) are dilations, translations, rotations and special conformal transformations, where 
the latter can be understood as an inversion, followed by a translation, and followed again by an 
inversion [SI Section 2.1 and Table 2.1], [82l Theorem 1.9]. 

Let P be a principal G-bundle over S'^ with its standard round metric g = ground of radius one. 
The group Conf(S''^) acts on £^{P) and Aut(P) by pullback (compare [Ml P- 342]), 

^{P) X Conf(5^) 9 {A,h) ^ h*A G £/{P), 

Aut(P) X Conf(S'^) 3 {u,h) i-A h*u G Aut(P), 

and thus descends to an action on ^{P,g), 

^{P,g) X Conf(5^) 3 {[A], h) [h*A] G ^{P,g). 

We now specialize to the case d = 4 and consider the dehnition of Sobolev norms for sections of 
r*5'^(8)adP that are equivalent to the standard norm, jj • \\yyi ,2 but have more easily described 

conformal invariance properties. 

Let A be a connection on a principal G-bundle P over with its standard round metric 
g = ground of radius one. Let 6 = ^euciid be the flat metric on S‘^ \ {s} = R^ obtained by pullback 
of the standard Euclidean metric on R^ via the conformal diffeomorphism (p~^ : \ {s} -3 R'^. 

Let denote the covariant derivative on T*S^ (8> adP defined by the connection A and metric 
g, while denotes the covariant derivative on T*S'^ ^ adP ( \ {s} dehned by A and S. We 

dehne the usual norm on C°° sections a of (8) adP by 

ll“lliyhGs4) := ||V^alli2(54^g) + llalli2(54^g). 

Similarly, if a is a G°° section of T*S'^ 0 adP and has compact support in S'^ \ {s}, dehne 

jaU ■= II^a®IIl2(54^5), 

■= I|Va«IIl2(54,5) + I|o11l2(54^5). 

The properties of j • and jj • ||yi/i. 2 (^ 4 ^ are described by two lemmata of Taubes [M| IM]. 

Lemma 6.2. [Ml Proposition 2.4] There is a universal constant z G [l,oo) with the following 
significance. If A is a W^’‘^ connection on a principal G-bundle P over S‘^ with its standard round 
metric of radius one, then the following hold: 

(1) 1 • \a extends to a continuous norm on D^(5^;adP) = G°°(S"^;T*5^ 0 adP). 
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(2) The norm | • |^ is Conis{S'^)-invariant: 

\h*a\h*A = loU; V/i € Confs(S''^) and a € adP). 

(3) If a £ 0^(5'^; adP), then 

^ ll“llvF^;^(S4) - ll®llvF^’j(S4) < ^l|a||vi/L2(5.4)- 

Lemma 6.3. |95l Lemma 3.1] Assume the hypotheses and notation of Lemma 16.21 If h £ 
Conf(S^) and a £ adP), then 

^ - ^ll“llvui’2(S4)' 

Remark 6.4 (Variant of the norm on sections of T*S^ iS> adP). A combination of the Kato 
Inequality (12.Sp in the sequel and the Sobolev embedding ‘-A L^(S'^;M) given by (|2.4p 

yields a universal constant zq £ [l,oo) such that 

l|Q||L4(54^g,) < Zo||o|lvi/L2/g4')) 

and thus, since ||a||L 2(54 g) < vol(S^)^/'^||o||^ 4(54 g), the norm ||a||y[/i ,2 (-^ 4 ^ may be replaced by the 
equivalent norm, 

II“IIvf 1’^’'‘(S4) := II^A®lli2(54,g) + l|a||L4(54^g), 

in the statements of Lemmas 16.21 and 16.31 

7. Global distance functions and bubble-tree neighborhoods 

We begin in Section 17.11 by reviewing the well-known pointwise estimates for local connection 
one-forms in radial gauge in terms of their curvatures. In Section [7.21 we derive pointwise decay 
estimates for the curvature of a Yang-Mills connection with L'^/^-small energy over an annulus 
in Euclidean space and hence obtain pointwise estimates for local connection one-forms in radial 
gauge. The construction of suitable bubble-tree open neighborhoods in Crit(P, 5 ,‘^) requires 
a good understanding of the behavior of center and scale maps and certain key properties are 
discussed in Section ESI We estimate the global distance between pairs of Yang-Mills 

connections according to whether their gauge-equivalence classes belong to a fine or coarse 
bubble-tree open neighborhood. In Section [7~4l we discuss the simpler case where the pair belongs 
to a fine bubble-tree neighborhood and obtain a global W’^’^(A) bound between u{A’) 

and A, when A and A' are Yang-Mills connections on a principal G-bundle P over X and 
u £ Aut(P). In Section 17.51 we analyze the more difficult case where the pair belongs to a 
coarse bubble-tree neighborhood. We now obtain a global bound between 

local conformal blow-ups of u{A') and A, where a modification of the standard norm 

defined in this section takes into account the fact that each local scale defined by A' is simply 
bounded between zero and the corresponding local scale of A (and vice versa) rather than being 
comparable. Finally, in Section [7.61 we apply the main result of Section [7.51 to show that one can 
build a finite collection of coarse bubble-tree open neighborhoods based on the existence of 
suitable conformal blow-up diffeomorphisms for a closed, connected, four-dimensional, oriented 
Riemannian, smooth manifold, {X,g). 
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7.1. Pointwise estimates for local connection one-forms in radial gange. Suppose A is 
a connection on a principal G-bundle P over a convex open neighborhood, U C of the origin 
and that a : U ^ P is a section. If the connection one-form, a*A G n^([/;g), is in radial gauge 
with respect to the origin, so (7*A(0) = 0 and xf^{a*A)^{x) = 0 for x G C/, then [lOlt p. 14] 

(7.1) {a*A)iy{x) = f tx^{FA)^iv{ix) dt, 1 < v < d and x G 17. 

io 

The Mean Value Theorem for integrals implies that, for each x G 17, there is a t{x) G (0,1) such 
that 

{a*A)^{x) = t{x)x^{FA)fiu{t{x)x), 

and consequently, 

(7.2) |(T*A(x) 1 < |x||TA|(t(x)x), VxG17. 

Alternatively, we can apply Jensen’s Inequality to give 

(7.3) A)v{x)) < [ Lp{tx^{FA)^ivitx)) dt, VxGC/, 

Jo 

where y? : M —>• M is any convex function, such as ip{s) = as^ with constants p > 1 and a > 0. 

7.2. Pointwise decay estimates for the curvature of Yang-Mills connections with 
small energy over an annulus. We begin by observing that Theorem 13.81 leads to a pointwise 
decay estimate for the curvature of a Yang-Mills connection over an open annulus, II(xq; tq, i?) := 
Br{xo) \ Broixo) C M'’*, where 0 < tq < 7?. As usual, if xq is the origin, we may abbreviate 
n(ro, R) = n(0; tq, R). The estimate (j7.5p may be compared with those provided by Taubes (95] 
Lemmas 9.1 and 9.2] or Uhlenbeck |lf)H Lemma 4.5] when d = 4, but the difference here is that 
we do not assume that the Yang-Mills connection is defined and smooth over or a punctured 
ball, B 2 R \ {0}, but rather over an annulus, n(ro/2,2i7) C M'’*, with 0 < ro < 7? < 00 . 

Corollary 7.1 (Pointwise decay estimate for the curvature of a Yang-Mills connection with 
7^d/2-small energy over an annulus). If d > 2 is an integer, then there are constants, Kq = 
7fo(i7) G [ 1 , 00 ) and Eq = Eo{d) G (0,1], with the following significance. Let G be a compact Lie 
group, rQ < R be positive constants, and A be a Yang-Mills connection with respect to the standard 
Euclidean metric on P = S7(ro/2,277) x G, where II(ro/2,27?) C If 

\\BA\\Li/'^{n{ro/2,2R)) — ^0; 

then 

(7.5) IFaUx) < Ko\x\~'^^^\\FA\\Ld/ 2 (^n{rQ/ 2 , 2 R))^ Vx G with ro < \x\ < R. 

Proof. Suppose x G M'’* with ro < r = \x\ < R. Observe that if r = ro, then any y G 77^q/ 2(^) 
obeys ro/2 < \y\ < 3ro/2 and if r = 7?, then any y G Bji/ 2 ix) obeys 77/2 < jyj < 37?/2. In 
particular, we have 

Br/ 2 {x) C II(ro/2, 27?), Vx G with ro < r = ]x] < R. 

Hence, (17.4h gives \\Fa\\l'^{b^/ 2 {x)) ^ ^0 and Theorem 13.81 (with p = r/4) implies that 

\Fa\{x) < ||774||i,-(s,/4(x)) < B:or-'^/‘^\\FA\\L2(B,/^{x)), Vx G M"* with ro < r = jx] < R, 
and this is the desired inequality (17.5h . □ 
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The pointwise decay estimate in (17.51) is not optimal when d = 4 and r2(ro/2,2i?) is replaced 
by B 2 R \ {0}, since any potential singularity of Fa at the origin is then necessarily removable by 
Theorem 13.Ill and so \Fa\ is uniformly bounded over Br \ {0}. 

It is possible to improve Corollary 17.11 in two ways that we briefly describe here for the sake 
of completeness, although we shall not need such improvements in this article. To describe these 
improvements, we need to restrict to the case fq = 0 (and R = 1/2), so fl(ro/2,2ii) = B \ {0}, 
the punctured unit ball in Nakajima |621 Lemma 3.4] applies a version of the monotonicity 
formula |62l Lemma 3.1], due originally to Price [711 Theorems 1 and 1'] (see also Tian [991 
Theorems 2.1.20 and Remark 3], quoted by Yang as [1081 Proposition 1]) to show that the factor 
12 ;I -<^72 inequality (|7.5|) may be improved to |x]“^; this result is also proved by Sibner as [86l 
Theorem 1.1] when the Yang-Mills connection has small L'^/^-energy over the punctured unit ball. 

Lemma 7.2 (Improved pointwise decay estimate for the curvature of a Yang-Mills connection 
with L^-small energy over the punctured unit ball). |62[ Lemma 3.4], |86[ Theorem 1.1] If d > A 
is an integer and G is a compact Lie group, then there are constants, K = K{d,G) G [l,oo) and 
a = a{d,G) > 0 and e = s{d,G) G (0,1], with the following significance. Let A be a Yang-Mills 
connection with respect to the standard Euclidean metric on P = B \ {0} x G, where B is 

the unit ball centered at the origin. If 

(7.6) 11^^11^2(5) < e, 
then 

(7.7) \Fa\{x) < K\x\~‘^\\Fa\\l 2 (^b), Vx G with 0 < |x] < 1/2. 

Nakajima and Sibner establish a further improvement of Lemma 17.21 Indeed, Nakajima uses 
the monotonicity formula [621 Lemma 3.1] and Uhlenbeck’s broken Hodge gauge [1011 Dehnition, 
page 25, and Theorem 4.6] to show that the factor \x\~'^ in Lemma 17.21 mav be improved to 
|^|- 2 +a^ for some a > 0. A result similar to Lemma El for 3 < d < 7, is proved by Sibner as 
[86l Proposition 3.1]. See also the discussion in Uhlenbeck [1011 hrst paragraph of page 25] for 
the case d = 4. Of course. Theorem 13.111 implies that a = 2 in Lemma 17.31 when d = 4. 

Lemma 7.3 (Improved pointwise decay estimate for the curvature of a Yang-Mills connection 
with L^-small energy over the punctured unit ball). [621 Lemma 3.13], [861 Proposition 3.1] If 
d> A is an integer and G is a compact Lie group, then there are constants, K = K{d,G) G [1, 00 ) 
and a = a{d,G) > 0 and e = s{d,G) G (0,1], with the following significance. Let A be a Yang- 
Mills connection with respect to the standard Euclidean metric on P = i?\{0} x G, where B C 
is the unit ball centered at the origin. If 

(7-8) \\Ba\\l^{b) < 

then 

(7.9) \Fa\{x) < K\x\-^+^\\Fa\\l^b), '^x with 0 <\x\ <1/2. 

For our application in this article, the simpler Corollary 17. II and immediate consequence below 
in Corollary 17.41 will be more than sufficient. 

Corollary 7.4 (Pointwise decay estimate for a local connection one-form in radial gauge for 
a Yang-Mills connection with small L'^/^-energy over an annulus). Assume the hypotheses of 
Corollary \ 7.1\ If a*A is in radial gauge with respect to the origin, that is x>^{a*A)^{x) = 0 for 
all x G Ll{rQ/2, 2R) and <7*^(0) = 0, for a section a : lI(ro/2, 2R) -A P, then 

(7.10) \a*A\{x) < Vx G with tq < |x| < R. 
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Proof. The conclusion follows by combining the inequalities (17.21) and (|7.5I) . 


□ 


Remark 7.5 (Adjustments to pointwise decay estimates for the curvature of connections that 
are Yang-Mills with respect to arbitrary Riemannian metrics). Following [62], we note that the 
estimates in Corollaries O and m and Lemmas ED and O may be extended to allow for 
connections that are Yang-Mills with respect to arbitrary Riemannian metrics on open subsets 
of Indeed, given 0 < rg < i? < oo, let A > 0 be a constant such that 


sup 

ro/2<\x\<2R 


dx^dx^ 


< A. 


Then the above-referenced estimates continue to hold as stated, the only change being that all 
constants (e, EQ) «, and K,Kq) now depend in addition on A. 


7.3. Centers and scales in bnbble-tree open neighborhoods. Our definitions of bubble- 
tree open neighborhoods in Section [5] are motivated by Proposition 14.51 which gives continuity of 
center and scale maps. Center [A] and Scale[A], with respect to A^ (g) adP) variations of 

a connection A on a principal G-bundle P over with its standard round metric g = g'round of 
radius one, and by Proposition 14.91 which gives continuity in the A^ (g) adP) norm of a 

family of connections, h* ^A, with respect to center and scale parameters, {z, A) G x M_|_. 

Suppose that A and A' are connections on P that are close in the A^ (g) adP) norm 

and A is centered in the sense that (Center[A], Scale[A]) = (0,1) G x M_|_. Proposition 14.51 via 
Inequality (14.4p . indicates that 

I Center) A'] — Center [A] | = | Center [A'] | < Ce, 
for a constant C = C{K) G [l,oo), with K G [l,oo) and 
11 ^ “ ^ ^ 11 ^ ~ 

for a given e G (0,1]. Similarly, Proposition 14.51 via Inequality (14.6p . indicates that 

I Scale [A'] — Scale [A] | = | Scale [A'] — 1| < Cy/e, 
for a constant C = C{K) G [l,oo), provided 

We next consider the more general case of the preceding inequalities when A is not centered. 

Suppose that (Center [A], Scale [A]) = ( 2 ;, A) G x M+ and (^[A'], A[A']) = (z^A') G x M+. 
Recall from Lemma 14.41 that 

Center[/i* _,^A'] = A Center[A'] + z = \z' + z, 

Scaleihl^A'] = AScale[A'] = AA', 

and 

^CenterA], Scale[/i~]^’*A]^ = (0,1), 

For the mass centers, noting that Center[/i~j^’*A] = 0, we ask that 

I Center [/i~]^’*A']| = A“^| Center [A'] — z\ < Ce, 
that is, using z = Center [A], 

(7.11) 


Center [A'] — Center[A]| < CXs, 
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for a constant C = C{K) G [l,oo), when 

(54) and Wh-^^A' 

^z,X ^’9 

where the first inequality is equivalent to 





<K, 


1144 ~ 44||^n2j.^4^ < ejCQ^ 

where Cq is the universal constant in Lemma 16.31 For the scales, we ask that 

I Scale[/i~j^’*A'] — Scale[/i~]^’*A]| = |A“^ Scale[A'] — A“^ Scale[A]| 

= |A-^Scale[^'] - 1| < 


that is, nsing A = Scale[74], 

(7.12) I Scale [A'] - Scale [7l]| < C\^. 

for a constant C = C{K) G [l,oo), provided 

,-l>* /I' L-l,* AW . ^ ^ ^2 


\\^z,x ^ ^z,x (54) ^ and A A\\^3,2^ ^ ^^ 4 ^ <77, 


z,X 


where again the first inequality is equivalent to 

~{S^) /C'O, 


where Cq is the universal constant in Lemma 16.31 We employ these observations on centers and 
scales as a guide to the construction of snitable bubble-tree open neighborhoods in Section [5l 


7.4. Estimate for the distance between conformal blow-ups of a pair of Yang- 

Mills connections in a fine bubble-tree open neighborhood. In Sections 15.21 and 15.31 

we gave a definition of bubble-tree convergence of a sequence of connections to a bubble- 
tree limit. In this section, we prove that local bubble-tree convergence implies global 
bubble-tree convergence. Our main result (Proposition I7.6p is related to a pair of results due to 
Taubes [95l Propositions 5.3. and 5.4]. 

Proposition 7.6 (Global IF^’^ distance between a pair of Yang-Mills connections in a fine 
bubble-tree open neighborhood). Let G be a compact Lie group and P be a principal G-bundle 
over a closed, connected, four-dimensional, smooth manifold, X, and endowed with a Riemannian 
metric, g. Then there are constants £,p £ (0,1] and R G [l,oo) with the following significance. 
Let A and A' be g-Yang-Mills connections on P of class with p > 2 and integer k > 1 

obeying {k + l)p > 4. If the gauge-equivalence classes, [^] and [A'], belong to a fine bubble- 
tree {e,p,R) open neighborhood , then there is a gauge transformation, u G Aut(P), of class 

\Yk+l,p 


(7.13) 


\u{A') - < Ge I 1 -I- ^ \\Fa. 




where C = G{g,G) and the multi-indices, a = {i},{ij},..., appearing in the right-hand side of 
(I7.46P label the vertices of the finite tree IP defining ^, and |e| < e, with 
||2_2 _|_2 _t_2 _|_2 _1_2 

1^1 • '^background ' ^annulus ' "^sphere '^center ' '^scale? 

and the small parameters on the right-hand side define the vector e in Definition \5.1(K 
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Proof. For the sake of exposition in the proof of Proposition 17.61 we shall assume that the tree 
^ defining the bubble-tree open neighborhood ^ has height one and that ^ > 1 in the Definition 
15.91 but /j = 0 for 1 < i < /; the conclusion for the general case of a tree of height greater than 
one is obtained by induction. 


Step 1 (Local estimates for A relative to the bubble-tree limit). To estimate the following 
differences, 

for a suitable gauge transformation, u G Aut(P), to be determined, we shall separately 

consider the following subsets of X: 

(1) Complement of balls, X — D X — where we denote Br{'x.) := 

u[^.i^Br{xi) for r G (0, Inj(X, 5 )), and 


so that 

(7.14) 


II'Ro(A) ^ ^background) 

||'*^o(A) — < ^background) 


and the gauge transformation, uq over X— Vj\^.^Bpi^{xi), is supplied by Definition 

15.91 

(2) Annuli, Pl{xi\ iiAj/4,2/?), where for a fixed p G (0,1] and R G [1, 00 ) and scales A* obeying 
the constraint (j5.24p . namely 

0 < R\i < p and 4/? < 1 A Inj(A, s') A mindistg(xi, Xj), 


we have 


(”^•15) \\^A\\L'^[U[xi;R\i/4:,2p)) ^ ^annulus) for 1 < i < 

(3) Balls, B{xi,2RXi) for 1 <i <1, where 


(7.16) 


Ui(.A) - 

+ 


L^{B{xi,2RXi)) 


V® 




UM) - Px!'’*^\iPnA 


L2{B{xi,2R\i)) 


^ ^sphere? 


noting that : X D B{xi, 2R\i) = B{0, 2RXi) C M^, where 
Pxi = expj, : D 5^(0) = Bp{xi) C A 

is the inverse geodesic normal coordinate chart defined by a frame fi for {TX)xi obtained 
by parallel translation via the ^-Levi-Civita connection of the frame fi for {TX)x^, and 
Q := Inj(A, 5 ), and = 5^\{s} is given by (14.ip . and recalling from (14.3p that G 

Conf(M^) and ° £ Confs(S''^), and the gauge transformations, 

Ui for 1 < i < /, are supplied by Definition 15.91 In writing (j7.16p . we have applied Lemma 
16.31 to relate the VF^’^ norms for adP-valued one-forms over B{xi,2RXi) C A in (j7.16p 
and their conformal blow-ups over 5^ \ ps{B{0,1/2R)), as described by Definition 15.91 
The crux of the proof is therefore to derive Sobolev estimates for A (and A') over the thick 
annuli, Q{xi] RXi, p) C A, for 1 < i < /. Corollary 17.11 provides the pointwise decay estimate, for 
1 < i < I, over those annuli. 


IpiiFAlix) < Ko\x\ ^\\FA\\Lpnixi-,RXi/ 2 , 2 p)), Vx G with i?Ai < |x| < p. 
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This is the where we use the assumption that A is Yang-Mills. 

By (17.21) and Corollary 17.11 noting that (17.151) holds, we have 

^Kq\x\ ^\\FA\\L'^{n{xi-,R\i/A,2R\i)) 

~ 2^^^ 2 /jAi))) Vx G with RXi/2 < |x| < RXi, 

where we require that the local connection one-form, cr|M, be in radial gauge with respect to the 
point Xi £ X. Hence, 


(7.17) 

i;R\i/2,RXi)) <C\\FA\\mni, i;RAi/4,2HAi))) 
for a universal positive constant, C G [l,oo). 

Given a point, xq G X, and a constant, r G (0, Inj(X, 5 )], we define a smooth cut-off function, 
Xxo,r : Y [0,1], by setting 

(7.18) Xxo,r(^) ■= x(distg(x,xo)/r), Vx £ X, 

where x ^ ^ [0,1] is a smooth function such that x(0 = ^ ^ Y 1 and x(i) = 0 for t < 1/2. 

Thus, we have 

, , I 1 for X G Y — Br(xo), 

XxoxiA = in f ^ R r ^ 

1(1 tor X G 11^/2 ( 3 ^ 0 ). 

An elementary calculation yields (see [34( Lemma 5.8] for example). 


(7.19) ll'^Xxo,r||L4(A) < F, 

where the constant C = C{g) £ [1, 00 ) is independent of xq G Y and r £ (0, g), but rather depends 
only on the fixed universal choice of x via jdxl ^ 4, and the injectivity radius, g = Inj(Y,g'). 

We denote Xi = Xxi,R\i as in (j7.18p and define a cut-off connection on P by 


(7.20) 




'A, 

* Q + Xi(^iiA, 


over Y - u{^^B{xi, RXi), 

over Q{xi-, RXi/2, RXi), for 1 < z < /, 

over B{xi, RXi/2), for 1 <i <1, 


where 0 is the product connection on B{xi, g) x G. Over the thin annuli, il{xi; RXi/2, RXi), we 
have 

Fa,, = XiFa + dxi A al.A -h Xi{Xi - ^)(^iiA A crl.A. 

Therefore, 


\\FAx\\L'^{n{xi-,R\i/2,RXi)) < \\FA\\L^{n{xi;RXi/2,RXi)) 

+ \\dXi\\p{X)\WsiA\\L‘i{n{xi;RXi/2,RXi)) + RXi/2,RXi))^ 

and thus by (I7.17P and (17.191) . 

(7.21) \\FA„\\L2{n(xi-RXi/2,RXi)) < C\\FA\\L2{n(xi-RXi/2,RXi)): 

where C £ [1, 00 ) is a universal constant, noting that 

\\FA\\L^(n{xi-,RXi/2,RXi)) < l|7/4||L2(Q(^..^Ai/2,2p)) < ^annulus S (0,1] (by (|7.15P). 

Since Fa„ = 0 on B{xi, RXi/2), for 1 < z < Z, then (|7.21l) implies that 

||l2 (^('^^^2 p)) ^ C*l|7/4jji2(^(,g^^2p)) Y C’fi'annulus- 

Hence, for small enough ^annulus = £annuius(G) G (0)1]) we can apply Theorem 13.31 and Remark 
13.51 to find a gauge transformation, q£ j^(^Xi,2p) x G taking to 
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Coulomb gauge with respect to the product connection, so = 0 over B{xi,2p), 

and obeying 


i^h^x)\\L‘^{B{xi,2p)) + i(^ii^x)\\L^{B{xi,2p)) < C\\FAj\L^(B{xi,2p)) 

< cWFAWmm, i-,RXi/2,2p)) 

< Ceannuius (by (|7.15p ), 


where the second inequality follows from (I7.2ip and the fact that Fa^ = 0 on B{xi, RXi/2). In 
particular, over the annuli, Q{xi; RXi, p), where = A, we have 

(7.22) \\uf''^^{a%.A)\\Bi{p,(^xi-,R\i,p)) + l|Ve'*^i°'^*('^Si^)llL2(Q(Si;ii;Ai,p)) < C'^annulus, for 1 < i < /. 

This completes Step [T] 


Step 2 (Local estimates for A' relative to the bubble-tree limit). Naturally, for suitable 

gauge transformations, we also obtain the analogous estimates for the connection A' , with its 
mass centers G X and scales A' obeying 0 < RX[ < p as in (I5.24h . 

First, over the complement of balls, X — u(^;^i?p/ 4 (xi) D X — we have 

ll'^o(^ ) “ ^ollvF^’^(X—Bp/ 4 {x)) ^ ’^background) 

SO that 

(7.23) ||no(j4 ) — ■^o\\yi/'^‘^(^X-Bpi 2 {^')) ^ ^background) 

where the VF^+^’P gauge transformation, uq over X — \j\^]^Bpi^{x'j), is supplied by Dehnition 15.91 
Second, over the annuli Cl{x'p RX'^, p), we have 

(7.24) ||n““*('T^/X')||i4(Q(^/.^;,'p)) + ||Ven““^(crf/X')||x, 2 (Q(^/.^;,/p)) < Ceannuius) for 1 < i < /, 

with gauge transformations over Q,{x'p RXi/2,2p), and a*, A' is in radial gauge with 

respect to the point x' G X, the Coulomb gauge condition, A') = 0, holds, and 

C G [l,oo) is a universal constant. 

Third, over the small balls, B[x[, 2i?A() for 1 < z < /, we have 


Vi{A') -p., ’*5y plAi 


(7.25) 


+ 


LRB{x'.,2R\'p) 

{<A') - ^-S-pAa;) 


L^{B{x'.,2RX'p) 


^sphere) 


noting that p-, : X D B{x^,2RX[) = B{<d,2RX[) C and 


PP, = expj^ : D Bg{0) ^ Sp(x') C X 


is the geodesic normal coordinate chart defined by a frame f- for (TX),j/ obtained by parallel 

translation via the p-Levi-Civita connection of the frame fi for (TX)^;.. The gauge 

transformations Vi over i?(x',2i?A') are supplied by Definition 15.91 This completes Step[2l 


Step 3 (Local estimates for A and A' relative to the bubble-tree limit over common open 
subsets). According to Definition 15.91 we have 

(7.26a) distp(Xj,Xj) < £centerAi, 

(7.26b) |A' - Ail < SscaieAi) for z = 1,..., Z, 
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where ^center,^scaie G (0,1]. For example, choosing ^center = ^scaie = 1/16 will suffice. Therefore, 
we can slightly shrink the open subsets used in Steps [T] and [2] to obtain estimates for both A an 
A' and gauge transformations dehned over common open subsets. 

When g is locally flat near the points G X and we may isometrically identify 'ipi : X D 
B{xi, g) = B{0, g) C via the choice of frame /j for (rX)^.. and inverse geodesic normal local 
coordinate chart ij^i, then the inverse geodesic normal local coordinate charts, ipx^ centered at Xi 
and ipx'. centered at x', are related by (compare [32l Equation (3.18)]) 

(7.27) (px^{x) = il^iix +(xi)) and tpx'.{x) ='ipiix +Vx G B(0, £i/2) C 

and thus, setting Zi := 'ijj^^{xi) G and z' := '(/’^“^(x') G we have 

(pxiix) ='ijji o T-g^{x) and (px'.ix) ='ipi o T_g/,{x), y x e B{0, g/2) 

When g is not locally flat near Xj, we may either take the preceding relations as dehnitions of 
the inverse coordinate charts, (fx^ and <fx'.j or note that these relations hold approximately with 
a small error depending on distg(xj, x'). We shall take the first approach and use the coordinate 
charts (I7.27P in Dehnition 15.101 

First, over the complement of balls, X — 'Ji=iBp/ 2 {xi), from the inequalities from (I7.14p and 
()7.23l) (which also holds over a larger subset), we obtain 


(7.28a) 

||'*^o(^) “ Bp/ 2 (x)) ^ ’^background) 


(7.28b) 

ll'^o(^ ) ~ ^ollvF^’^(X-Bp/ 2 (x)) ^ '^background- 


Second, 

over the annuli Shxu 3ii!A,72.3n/4). from (I7.22p. (|7.24p. and (I7.26fi. we 

obtain 

(7.29a) 

Ll4, .3RXi /2,3p/4)) 



+ \\'^eUi°'^'^icrl.A)\\j^2(^Q(^xi-,3RXi/2,3p/4:)) < C'Eannulus) 

for 1 < z < / 

(7.29b) 

(crl/ X') . ■3R\^/2,3p/4)) 



+ L2(f^(^..3^^./2,3p/4)) < C'Eannulus) 

for 1 < z < / 


Third, over the small balls, B{xi, 7R\i/4) for 1 < z < /, from (I7.16p . (j7.25p . and (I7.26p . we obtain 


(7.30a) Ui{A) - ip^. ’ dl.iflAi 

+ 






L^iB{xiJRXi/4)) 


^ ‘^sphere? 


(7.30b) Vi{A')-ipZr5l,^*^Ai 

+ 


L^{B{xi,7RXi/A)) 


i i 


L'2{B{xi,7RXi/4)) 


‘Z ^sphere' 


The estimate (I7.30bp can be improved using ()7.26p , our redefinition ()7.27p of the local coordinate 
charts, and Proposition 14.91 which provides estimates caused by variations in the scale and 
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mass center parameters in a family of connections, h* ^,Ai = o fz^)*Ai, over to give 


ip-,1’* 5iy^A,-^-r5l>iplA 


- 1 ,*. 




L^(B(xiPR\i/i)) 


L'^{B{xi,7R\i/A)) 


^ C*l(6center “1“ S^scale); 
^ C*2(£center “1“ S^scale); 


for 1 <i < I, where 


Cl = C\\FAi\\LA{s\g,,^^i) and ^2 = C'||FaJ|^i ,2 ( 54 ), 

’Ground 

for a universal constant C G [1, 00 ), using Inequalities (I4.25p . (14.261) . (|4.27p . (14.281) . (I4.29p . (14.301) . 
(lOTT) . and (lO^ . 

Therefore, we may replace P7.30bl) by 


(7.31) Vi{A')-p-C’*5lplA, 
+ 


F{B{xiPR\i/A)) 


L‘^(B{xiJR\i/i)) 


C*(£center T ^scale) 11^1.2 


’Ground 


(54) 


+ Ce. 


sphere j 


for 1 < i < 1. By combining (I7.28j) . (I7.3nap . and (17.311) . we obtain 
(7.32) ||uo(^) “ 7)o{A )\\-\^'^‘2(^X—Bp/2{^)) ^ ^^background) 

and 


(7.33) \\ui{A) - Vi{A')\\]^i(^B{xi,7R\i/A)) 


+ 




, {ui{A) - Vi(A')) 

L^{B(xi,7R\i/4:)) 

C*(£center T ^scale) fS'4') C^^sphere; 

’Ground 


while the local connection one-forms tt?°“^((T|,T) and A') over the annuli fl(xj; 3i?Aj/2, 3p/4) 

are each small individually by (I7.29P . This completes Step [3l 

This completes our derivation of the norm bounds of the differences. 

Step 4 (Construction of the global gauge transformation u). It remains to patch the local gauge 
transformations employed in the local estimates p7.32p . (I7.33j) . and (I7.29j) and construct the 
yf/k+i,p global gauge transformation, u G Aut(P), as the global estimate (I7.13P then follows 
almost immediately. 

Indeed, we may use ^7.141) to replace the covariant derivative, Vyi^, by the nearby covariant 
derivative in p7.32p to give 


(7.34) 


||wo(^) ) II VF^’^^^j(X-Bp/2(x)) < ^^background) 
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for a universal constant C G [1, oo). Second, we may use (17.161) to replace the covariant derivative, 
V nearby covariant derivative Vui{A) (I7.33P to give 

(7.35) \\ui{A) - Vi{A')\\m^B{xi,7R\i/A)) 

+ (“*(^) “ ))llL2(S(Si,7iJAi/4)) 

C*(£^center “ 1 “ ^scale) “ 1 “ C*£sphere' 

’Ground 

Third, we may replace the covariant derivative, Ve, by the nearby covariant derivative, V^coui^^* 
in (|7.29|) to give 

(7.36a) 11 uf"^^ (o-i, ^) 11 1,4 , ;3iJAi/2,3p/4)) 

+ A)^i°'^^('^Si^)llL 2 (r 2 fe; 3 iJAi/ 2 , 3 p/ 4 )) < C'Sannulus, for 1 < Z < /, 

1 \ Xj^ / 

(7.36b) 11 (crl, ^0 11L4 [Q(xi ;3RAi/2,3p/4)) 

fo A)'^i )\\L^{D,{xi;3RXi/2,3p/4)) < C'^annulus; for 1 < Z < h 

Observe that all covariant derivatives in the preceding estimates are defined by the connection A, 
as desired for the estimate (|7.13l) to give, modulo the construction of global gauge transformation, 
u G Aut(P), 

||V^(zz(A') - A)||j;^ 2 (x,g) + ||u(A') - A||p, 4 (x,g) < Oe 11 + ^ ll-^A^ llwl’^ ( 54 ) 

\ - ^ ^OL’Srouud' ' 

As usual, replacement of the L‘^{X,g) norm in the preceding bound by the W^‘^g{X) norm is 

obtained via the standard Sobolev embedding, Wg’‘^{X) L^{X,g) given by (| 8 . 6 p and the Kato 

Inequality (12.5p . and thus we obtain the desired estimate (|7.13l) . 

The global gauge transformation, u over X, is obtained by splicing the following local gauge 
transformations over the indicated overlapping open subsets of X: 

(1) o Vo over A \ u[^iBp/ 2 {xi); 

( 2 ) o (zz™'^*)“^ o z;™"^ o r^/ over n(xi; 3iiAi/2,3p/4), for 1 < z < /, where Txi '■ P \ 
B{xi, q) = B{xi, g) X G is the local trivialization corresponding to the radial-gauge local 
section, axi : B{xi, g) ^ P and Tx'. ■ P \ B{x[, g) = B{x[, g) x G \s the local trivialization 
corresponding to the radial-gauge local section, '■ B{x[, g) ^ P. 

(3) u~^ o Vi over B{xi, 7RXi/4), for 1 < z < L 

This splicing is possible, just as in the construction of gauge transformations of P over X \ 
{xi,... ,xi} in the proof of Theorem 13.11 because over the annuli n(xj; 7i7Aj/4, 3 / 9 / 4 ), the 
norms of the curvatures. Fa and i/ 4 /, of the Yang-Mills connections, A and A', are bounded 
by a small constant, ^annulus, by virtue of (17.151) . and hence each of the preceding local gauge 
transformations are close to the identity map over the overlaps. Replacement of the above local 
gauge transformations by the spliced gauge transformation, u, introduces small error in the 
estimates on overlaps but those are controlled by a universal multiple (say G) of the constants 
^background) Eannuius) or Ssphere (for example, see (SOj Lemma 6.5] and its proof). This completes 
Step m 

This completes the proof of Proposition 17.61 □ 
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7.5. Estimate for the distance between conformal blow-nps of a pair of Yang- 

Mills connections in a coarse bubble-tree open neighborhood. In Proposition 17.61 
we consider the case where the gauge-equivalence classes of g-Yang-Mills connections, [A] and 
[A'], belong to a fine bubble-tree open neighborhood ^ (Definition I5.10jl . Thus, if the tree ^ 
defining that neighborhood has height one then, for each i G {1,...,/}, the local mass centers, Xi 
and and local scales, Aj and A(, are close relative to min{Aj,A'} (as discussed in Section [7^ . 
We now turn to the case where [^] and \A'] belong to a coarse bubble-tree open neighborhood 
(Definition [5TT]), and so the local mass centers, Xi and are close relative to min{Ai, A'} for each 
i £ {1,... ,1}, but the local scales A* and A( are not assumed to be close relative to min{Aj, A(}. 

We begin by recording estimates for the g(-Yang-Mills connections A and A' in Proposition 17.61 
after rescaling with respect to their local scales to give connections over the complement in of 
small balls around the south pole. The proofs of these estimates are consequences of the proof of 
Proposition 17.61 

Lemma 7.7 (W^’^ estimates for rescaled Yang-Mills connections over S^). There is a universal 
constant C G [l,oo) with the following significance. Continue the hypotheses and notation of the 
proof of Proposition \7.6\ except that we instead allow A and A' to represent points [A] and [A'\ 
belonging to a coarse bubble-tree {s,p,R) neighborhood ^. Denote Br = B{0,r) C If 

the tree SA defining ^ has height one, then over — ips{Bii 2 R) we have, 


(7.37) 


1,* r—1,* 


’ PliUfiA) - Ai\\Li^S'^-^s{B^/2R)) 


+ 




< Ce. 


Sphere i 


with gauge transformations Ui over the balls X D B{xi,2RXi) = — Ts{Bi/ 2 r), o,nd 


(7.38) 


- M\D{S'^-^s(Bi/2r)) 


+ 


^^5'round 




-Ai 


L^{S'^-Vs{B^/2r)) 


< Ce. 


Sphere ? 


with gauge transformations Vi over the balls X D B{x^,2RX'-) = — Ts{Bi/ 2 r)- The 

analogous estimates hold over each copy of corresponding to a vertex in a tree IX of height 
greater than one. 


Proof. We apply (I7.16P to give estimates over large balls in S^, 
X D B{xi, 2RXi) ^ .6(0, 2RXi) ^ .6(0, 2R) 

^ Pn{B{Q,2R)) = 


(7.39) 


¥^,(5(0,1/27?)) C6^ 


given by the diffeomorphisms Pxli respectively. We observe that (I7.16p is equivalent, 

for 1 < i < /, to the inequality. 


(7.40) 








Vi: 




L^(S‘^-^s{B^/2r)) 


^ ^sphere; 


where we exploit the conformal invariance of the norm on sections of T*X and lA norm 
on sections of T*X ® T*X and the behavior of the Levi-Civita connections with respect to the 
standard Euclidean metric (5 = on M'^. Replacing V^, in ()7.40l) by defined by 

the Levi-Civita connection for the standard round metric ground of radius one on S"^, we obtain 
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(17.371) where C G [l,oo) is a universal constant. By applying (I7.25p . a similar argument yields 
the estimate (j7.38ll . □ 

By combining the argument of Step [3] of the proof of Proposition 17.61 and the proof of Lemma 
\71\ and remembering that we now drop the assumption that |A'/Ai — 1| < Sscaie (because this 
property does not hold for local scales defined by points [A] and [A'] in a coarse bubble-tree 
neighborhood), we can adjust for the fact that the local centers Xi of A and x[ of A' do not 
coincide but their distance is bounded by Scenter- We thus obtain 

Lemma 7.8 estimates for the difference between a pair of rescaled Yang-Mills connections 

over S^). There is a universal constant C G [l,oo) with the following significance. Continue the 
hypotheses and notation of the proof of Lemma If the tree 2T defining has height one, 
then over we have 


(7.41) 




< Ce, 


center 


\\Fa\ 


w 


1,2 


’Ground 


(54) 


+ Ce, 


sphere ? 


with gauge transformations Ui over the balls X D B(xi,7RXi/4) = and 

Vi over the balls X D B{xi,7R\[/A) = — (/9s(i?4/7^), for 1 < i <1. The analogous estimates 
hold over each copy of S'^ corresponding to a vertex in a tree ST of height greater than one. 


We now establish the definitions we shall need to state and prove a version of Proposition 17.61 
for coarse bubble-tree neighborhoods. In our development of a generalization of Proposition 17.61 
for a pair of gauge-equivalence classes of 5 ,-Yang-Mills connections, [A] and [A'\, belonging to 
a coarse bubble-tree neighborhood, there are different possible choices for a suitable W^’‘^ 

Sobolev norm to measure the distance between the locally conformally blown-up Yang-Mills 
connections, and h^,^’*,A': 

(1) The standard Sobolev norm defined by the connection A"^ = hf^f^A and Riemannian 
metric g"^ = h^^^*g on Xff^rS^ and its Levi-Civita connection . The metric g"^ is 
conformally equivalent to g via the diffeomorphism h^^x : X = Xfi^y-S^, as described in 
Section 16.21 

(2) An ad hoc Sobolev norm defined by the connection Aq on Pq over X and its metric 
g and the connections A* on Pi over and its metric ground for 1 < z < Z in the case of 
height-one tree, ST = {1,... , Z}, with similar comments in the case of trees, ST, of height 
greater than one underlying a bubble-tree neighborhood ^. 

The standard norm for elements of r2^(A; adP) defined by {A"^,g'f^) is more elegant, but the 
ad hoc norm defined by the bubble-tree data underlying ^ is more convenient for certain 
calculations and estimates. For example, the standard VP^’^ norm, 

ll^z (A)’ for a G r2^(Y;adP), 

’ A#,9#' ’ 

depends on the choices of diffeomorphisms in Section 16.21 that conformally identify the small 
annuli in X centered at points Xj G Y with the thin necks joining copies of S'^ to X, for 1 < i < Z, 
with similar remarks applying to trees, IP, of height greater than one; the ad hoc Sobolev 
norm does not depend on such choices. 
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More seriously, we shall need to compare A over the annulus R\i/2,2p) with A' over the 

annulus i?A'/2,2/?), for 1 < i < Z; although concentric, these annuli are not conformally 
equivalent (even when g is flat). When 0 < A( <C A* for 1 < i < Z, as is the case when A and A' 
belong to a coarse bubble-tree neighborhood, the required comparison becomes more complicated 
than in the much simpler case where |A( — Ajj < Sgcaie RiiR{Aj, A)} for 1 < Z < Z, when A and A' 
belong to a fine bubble-tree neighborhood and which we explored in Section 17.41 Fortunately, 
because the energies of A and A' over the necks Q.{xi] RXi/2, 2p) and Q{xi; i?A'/2, 2p) are both 
small for each 1 < Z < Z, the different possible choices of ad hoc norm used to compare A 

and A' will be equivalent and will lead to the same conclusions. 


Definition 7.9 (An ad hoc Sobolev norm for adP-valued one-forms defined by bubble-tree 
neighborhood data and conformal blow-ups). Continue the notation of Dehnition 16.11 Suppose 
hrst that the tree, specified by the bubble-tree neighborhood data has height one, so = 
{1,... , Z} and Aj G (0,1] and Zi = p~^(xi) G for 1 < Z < Z. We suppress explicit notational 
dependence of the maps hz^^x^ on the oriented, orthonormal frames, fi for {TX)^^ for 1 < Z < Z 
and /o for (TS'^)„, and parameters R G [l,oo) and p G (0,1] prescribed by the data for the 
bubble-tree neighborhood, and dehne 




:=A # 
2=1 


h 


which we may abbreviate by or even We continue to denote by P the pull 

back of the bundle, P, from X to X^h^^S^ via the diffeomorphisms between those manifolds. 
For a G n^(A;adP) and p G (0, Inj(A, 5 )), we define 


(7.42) \\h 


z,A 




:= a 




+ X] 11^. 




'W 


2 = 1 


’Ground 




More generally, the definition of the norm ||/i^ (^’*a|||^i ,2 corresponding to connected 

sums X ^= X^h^ defined by trees, ^, of height greater than one, is obtained inductively 
from the definition ()7.42p for the case of a tree of height one. 


Definition 7.10 (An ad hoc Sobolev distance between conformal blow-ups of a pair of 

connections in a coarse bubble-tree neighborhood). Continue the notation of Definition 17.91 
Suppose first that the tree, tX, specified by the bubble-tree neighborhood data has height one and 
tX = {1,...,Z}. For a pair of connections A and A' on a principal G-bundle over X that 
represent points in a coarse bubble-tree neighborhood, ^ C A§{P,g), we define a corresponding 
pair of locally conformally blown-up connections, h~A and h~, '*,A' over via ([63]) in 

Definition 16.11 

We define a distance between the pair of locally conformally blown-up connections over 
by 


-b*.. 7-b*.„2 :=||A'-A||2 


(7.43) \\h-J-A'-h-X^\\lr^^ .V.. 




’^round 


2=1 
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where the pulled-back connections, h, and h A', are defined, respectively, on open subsets 
of 5^ \ {s} that are conformally equivalent to B{xi,2p), namely when A' < Aj, 


B{0,2p/\) ^ 9?n(S(0, 2p/A,)) = \ ^.(5(0, Ai/2p)) 

C 5^ \ (/p,(i?(0, A72p)) = (^75(0,2p/A')) ^ 5(0,2p/A'), 

and with the reverse inclusion when A( > A*. Over the complement of the ball, 

\ 5(0, 2p/Ai) ^ \ 5(0, 2p/Ai)) = (/^s(5(0, Ai/2p)) \ {s}, 

where at most one of the two pulled-back connections is defined when A( < A*, they may be 
compared by one of three methods described in Definition 17.111 
More generally, the definition of the norm 




^z.X 


^11 wh 


W^^\,{X#srS^y 


corresponding to connected sums defined by trees, of height greater than one, is 

obtained inductively from the definition (I7.43P for the case of a tree of height one. 


To complete Definition 17.91 we need to explain the meaning of the last term in (|7.43p . as neither 
connection is defined over all of \ {s}. There are several equivalent methods, as we explain in 
the 


Definition 7.11 (Comparing conformal blow-ups of a pair of connections near the southern 
poles of S'^ in the ad hoc Sobolev norm). Continue the notation of Definition 17.101 Suppose 
first that the tree, , specified by the bubble-tree neighborhood data has height one and so 
.^ = {1,...,/}. 

Method 1 (Cutting off). Choose fiber points pi € 5|a,., for 1 < i < 1. Over the annulus 
y?s(D(0; C \ {s}, apply a cutting-off construction similar to (j7.20p to replace 

the pulled-back connection, h~,^y A', by a cut-off connection that is equal to h~,^y A' on \ 

^PsiB{0^,2^yl^)) and equal to the product connection, 0, on <^^(5(0; y^-/2)). 

Similarly, over the annulus (/?s(D(0; \7Xij2, 2y/Xi)) C 5‘^\{s}, apply (I7.20p to replace the pulled- 
back connection, by a cut-off connection that is equal to on 5^^ \ (/9s(5(0; 2^/}7i)) 

and equal to the product connection, 0, on (^^(5(0; \/Ai/2)). 

The norm (|7.43l) is now well-defined since the difference of the two cut-off connections is defined 
on \ {s}. 

Method 2 (Coning off). We adapt a construction employed by Parker [671 Equation (1.12)] in 
the context of harmonic maps of a Riemann surface into a target Riemannian manifold. 

Let xq € X, choose po G Pxq, and use the connection. A, to parallel translate po to a fiber 
point Po G Pxq- Let Uso ^ g) ^ P he the corresponding local section of P defined by parallel 

translation via A of points in the fiber, 5^^, along radial geodesics emanating from xq. 

We apply rescaling to (p*^a*^A{x) for |x| < g, so x = 5)C^(x) = Ax for x G and we rescale 
y*xo^*xo^ on 5(0, g) as 

I^I < q !^- 

Let y := l{x) = x~^ = Ax“^ = Ay, where y := l{x) := x~^ for x G \ {0}. Therefore, 
X = y~^ = i(y) and the rescaled local connection one-form, on 5(0, y), is equivalent to 

P\y\ > 
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using the fact that t,(6x(z)) = Az~^ = <5^^(i-(z)), for z G 

Given a G \ i?(O,ro);0) for some fq > 0 and employing polar coordinates, y 

r G M+ and 9 G S^, we define 


(7.44) 


a{y) := 


ffq ^a(ro6»), 
a{r6), 


r < ro, 
r > ro. 


rO with 


It follows from [39l Theorem 7.8] that if a G \ i?(0, fq); (g) g) for p > 1, then a G 

We now apply the preceding coning off procedure to the local connection one-forms, ai := 
i*ip%.a%.A on \ B{^,2\i/ q), and a' := i*ip%.a*-iA' on \ i?(0,2A'/p) to define 

hi G A^ (g) g) and a' G IT[q^^(M^;A^ (g) g), respectively. (Note that we use the same 

inverse geodesic normal coordinate chart, to pull back each local connection one-form from 
B{xi, q/2) C X to i?(0, q/2) C M^.) The norm ()7.43l) is now well-defined since the two coned-off 
local connection one-forms are defined on \ {s}. 


Method 3 (Non-conformal stretching). For a given index, i G {1, ...,/}, we may suppose without 
loss of generality that A' < A*. Choose constants ai G [l,oo) such that (iiAj/4p)"® = i?A(/4/9, 
where 0 < RX'^/Ap < RXi/Ap < 1, and define local stretching maps on \ {0} by Si{x) := 
2p{r/2p)°^^9, where r = \x\ and 9 = r~^x G for x G \ {0}. Then Si is a diffeomorphism 
from 0(0; i?Aj/2, 2p) onto 0(0; iiA(/2, 2p). Transfer these local diffeomorphisms to X via the 
local coordinate charts, <ps-, and denote the resulting maps by 5*, for 1 < i < /. Replace (I7.43P 
by 


(7.45) \\h-}'*A!-h-YA\\^-,2, , 


:= 

^o.g 




+ J^||Y-Sr‘'M||2 


2=1 






i=l 


’Ground 


(S^\^s{B{0A/2R)))' 


The preceding constructions extend mutatis mutandis to the case of trees, of height greater 
than one. 


In practice, the three methods described in Definition 17.111 for completing Definition 17.101 are 
equivalent in our application since the connections A and A' will be Yang-Mills and have small 
energies, respectively, over the annuli Q{xi] RXi/2,2p) and 0(x'; i2A'/4,4p) and therefore over 
the concentric annuli, D(xj; RAj/2,2p) C D(xi; i7A'/2, 2p). This follows because distg(x',Xi) < 
^centerX'i and \z\ — Zi\ < CcenterA' by definition of the coarse bubble-tree open neighborhood 
when 0 < A( < Aj. Recall that z' = (p“^(x') and Zi = ip~Rxi), where the local geodesic normal 
coordinate chart, ip~^ = expj/ : X D B(xi,g) = B(0,g) C M^, is defined by the frame, fi, for 
{TX)xi, and its exponential map. 

Proposition 7.12 (Estimate for the Sobolev IT^’^ distance between conformal blow-ups of a pair 
of connections in a coarse bubble-tree neighborhood). Let G be a eompact Lie group and 

X he a closed, connected, four-dimensional, oriented, smooth manifold endowed with a smooth 
Riemannian metric, g. Then there is a constant, C = C{g,G) G [l,oo), with the following 
significance. Let P be a principal G-bundle over X . Then there are constants e, p G (0,1] and 
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R G [1, oo) with the following significance. Let A and A' he g- Yang-Mills connections on P of class 
with p > 2 and integer k > 1 obeying (k + l)p > 4. If the gauge-equivalence classes, [A] and 
[A'], belong to a coarse bubble-tree {s,p,R) open neighborhood, ^ C A^{P,g), then there are 
a gauge transformation, u G Aut(P), of class and conformal blow-up diffeomorphisms, 

hx,\ and h^t x'> of {X,g) such that 


(7.46) 


\\h-l'*u{^) - h7^'* 


z.A 


^11 




< Ce 


1+ E 

V cx&sr 


Iw 


a a , Around 


(S4) 


where the norm on the left-hand side of (j7.46p is defined by (I7.43P in Definition \7.10[ and the 
multi-indices, cx = {i},{ij},..., appearing in the right-hand side of ()7.46p label the vertices of 


the finite tree IP defined by ^. The pulled-back connection, h \* A, on the pull-back of P over 


z,A 


Xff^rS^ by hx,x ■ X = Xff^S'^ is Yang-Mills with respect to the pulled-back Riemannian metric, 
h~ff*g, that is conformally equivalent to g and the analogous comments apply to h~, '*,A and 

7 — 1 ,* 

K'X'd- 


Proof. The argument is the same as that for Proposition 17.61 except that we apply Lemma 17.81 
to estimate the norms of the differences between the pairs of connections over each copy of 
rather than each ball in X and appeal to the Definition 17.101 of the norm on the left-hand-side of 
the inequality (|7.46l) . □ 


12 • 

7.6. Conformal blow-up diffeomorphisms and coarse bubble-tree neighborhoods. 

Given Proposition 17.121 we can build a finite collection of coarse bubble-tree open neigh¬ 
borhoods based on the existence of suitable conformal blow-up diffeomorphisms for a closed, 
connected, four-dimensional, oriented Riemannian, smooth manifold, {X,g). 


Corollary 7.13 (Conformal blow-up diffeomorphisms and coarse bubble-tree open neigh¬ 
borhoods). Let G be a compact Lie group and P be a principal G-bundle over a closed, connected, 
four-dimensional, oriented, smooth manifold, X, endowed with a smooth Riemannian metric, g. 
Let ^ C lP{P,g) be a coarse bubble-tree {s,p,R) open neighborhood of [A] in ^{P,g), with 
finite tree P defined by 'P. Then the open subset ‘P' d Pi of points [A'] G P{P, g) such that 


(7.47) 


\\h'’-^’*u{A')-h-^’*A\yrj 




< 


for conformal blow-up diffeomorphisms, h,h' G Conf(A, g), and C°° gauge transformations, u G 
Aut(P), is a coarse bubble-tree open neighborhood of [A] in P{P,g). Moreover, if'rf d 

[0, oo) is a compact subset, then Crit(P, g,^) has a finite cover by neighborhoods of the form 
PI' nCAt{P,g,‘^) defined by ^Tm . 


Proof. The fact that Pi' as specified by (|7.47l) is a coarse bubble-tree open neighbor¬ 

hood follows from Definitions 15.91 and 15.111 Proposition 17.121 ensures that every pair of points 
[A], [A'] G Crit(P,g,^) belonging to a coarse bubble-tree {e',p,R) open neighborhood obey 
an inequality of the form ()7.47l) with e = Ge'. Corollary 13.251 ensures that Crit’^(P, g,'^), and 
thus Crit(P,g,'^), has a finite cover by coarse bubble-tree open neighborhoods. □ 


8. Lojasiewicz-Simon gradient inequality and the bubble-tree compactification 

We begin in Section [8.11 bv reviewing the abstract Lojasiewicz-Simon gradient inequality [441 
Theorem 2.4.5] for an analytic potential function on an open subset of a Banach space. In Section 
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18.21 we review the Lojasiewicz-Simon gradient inequality from our monograph m for the Yang- 
Mills L^-energy functional over closed, Riemannian, smooth manifolds of arbitrary dimension. 
We discuss in Section [8.31 the specialization of the Lojasiewicz-Simon gradient inequality for the 
Yang-Mills L^-energy functional to the case of four-dimensional manifolds and the weaker, quasi- 
conformally invariant version that will suffice for our proof of the main results of this article. 
In Section 18.41 we examine the variation of the Lojasiewicz-Simon constants with respect to a 
variation of the Yang-Mills connection over a four-dimensional manifold. Finally, in Section 
18.61 we complete the proofs of the main results of this article by applying our Lojasiewicz- 
Simon gradient inequality and our conclusion that one can choose a single Lojasiewicz-Simon 
triple of constants, {Z,a,6), that is valid for all points [A] G Crit(P, 5 ,^), using the bubble-tree 
compactification of Crit(P, g', discussed in Sections 15.1115.21 and 15.31 

8.1. Lojasiewicz-Simon gradient inequality for an analytic potential function on an 
open subset of a Banach space. We recall the following generalization of Simon’s infinite¬ 
dimensional version [891 Theorem 3] of the Lojasiewicz gradient inequality |53j . 

Theorem 8.1 (Abstract Lojasiewicz-Simon gradient inequality with dual Banach space gradient 
norm). [45[ Proposition 3.3] [441 Theorem 2.4.5] Let ^ be a Banach space and Jif a Hilbert 
space such that the embeddings ^ ^ M’ ^ X' are continuous. Let S : ^ be an analytic 
function and let (p be a critical point of S’, that is, Sfp) = 0. Assume that S'fp) : ^ —?> 3L' is a 
linear, Fredholm operator of index zero. Then there are positive constants, c, a, and 0 G [1/2,1) 
such that 

(8.1) \\S'{u)\\aci > c\S{u) — S{(p)\^, VttG'^ such that \\u — pWs; < a. 

We next recall our application of Theorem l8.1l to the case of the Yang-Mills L^-energy functional 
and generalization of Rade ’s m Proposition 7.2], where a Lojasiewicz-Simon gradient inequality 
is proved for the Yang-Mills L^-energy functional over closed Riemannian manifolds of dimensions 
two or three. 

8.2. Lojasiewicz-Simon gradient inequality for the Yang-Mills L^-energy functional 
over closed manifolds of arbitrary dimension. Our Lojasiewicz-Simon gradient inequality 
for the Yang-Mills T^-energy functional is one of the key technical ingredients underlying the 
proof of Theorem [H We begin by recalling its statement from our monograph m- 

Theorem 8.2 (Lojasiewicz-Simon gradient inequality for the Yang-Mills L^-energy functional). 
HD Theorem 21.8] Let {X,g) be a closed, Riemannian, smooth manifold of dimension d, and G 
be a conapact Lie group, Aref 0 , connection of class C°°, and Aym « g-Yang-Mills connection of 
class , with integer k > I and p > 1 obeying (k + l)p > d, on a principal G-bundle, P, over 
X. If d>2 and p G (l,oo) obey one of the following conditions, 

(1) d<2<4 and p = 2, or 

(2) d > 5 and p > max{d/3, 4d/{d -|- 4)}, 

then there are positive constants Z G [l,oo), a G (0,1], and 6 G [1/2,1), depending on the gauge- 
equivalence classes [Aref] and [Aym]; 9, G, p, P, and X with the following significance. If A is a 
IT^’^ Sobolev connection on P and 

(8.2) ]]A — Aym|Ii4/1.p (X) Y O', 
then 

(8.3) \\d*/FA\\^-iy^^^ > Z\^g{A) - cFgiAy^)f, 
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where p' G (l,oo) is the dual exponent defined by 1/p + 1/p' = 1 and ^g{A) is given by (jl.ip . 

8.3. The Lojasiewicz-Simon gradient inequality for the Yang-Mills L^-energy func¬ 
tional over closed four-dimensional manifolds and conformal invariance. We now spe¬ 
cialize Theorem 18.21 to the case of four-dimensional manifolds and make observations concerning 
the quasi-invariance property of the Lojasiewicz-Simon triple of constants with respect to confor¬ 
mal diffeomorphisms of the manifold or conformal changes in the Riemannian metric. We first 
take d = A and p = 2 and thus p' = 2 in Theorem 18.21 to give 

Theorem 8.3 (Lojasiewicz-Simon gradient inequality for the Yang-Mills L^-energy functional in 
dimension four). Let {X,g) be a closed, four-dimensional, Riemannian, smooth manifold, and G 
he a compact Lie group, ^ref a connection of class C°°, and Ayu « g-Yang-Mills connection of 
class , with integer k > 1 and p >2 obeying (k -\- l)p > A, on a principal G-bundle, P, over 
X. Then there are positive constants Z G [l,oo), a G (0,1], and 6 G [1/2,1), depending on the 
gauge-equivalence classes, [^ref] and [^ym]; and g, G, P, and X with the following significance. 
If A is a Sobolev connection on P and 

(8.4) ||yl — ylYM||^i.2 < u, 

2^R,EF j 9 


then 


(8.5) \\d*/FA\\,^r-c2 > Z|4(A) - 4(^YM)r 

The norm on the left-hand side of the inequality (18.51) is not invariant (or quasi-invariant) 
with respect to conformal diffeomorphisms of {X,g), but it is bounded above by a norm that is 
conformally invariant. To see this and keep track of the constants depending on the Riemannian 
metric, g, we recall that W'g’^(X) ^ L'^{X,g) is a continuous embedding by (|2.4h and thus 
{L\X,g)y = L"/3(X,5) {Wl^\X)y = W-^^\X,g) and 

^ ^i\\f\\p/HX,g) < Zl{yolg{X))^/^\\f\\Li(x,9), 

where zi = zi{g) G [l,oo) is the Sobolev embedding constant for Wg’'^(X) L‘^{X,g), namely 


( 8 . 6 ) 




Consequently, for the same constants, we have 


( 8 . 7 ) 


IIVF 


< Zl\\a\\^A/3(^x,g) < Zi{volg{X)) ' \\a\\L4(^x,g), 


A,g 


V cc yz 




A,g 
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Taking the supremum below over all b G (g) adP) \ {0}, 






< sup 


|Q'llp/3(X,g)l|fe||L4(A,g) 

Mw^liX) 


2l|l«llL4/3(x,g)lll&llltyl.2(X) 

< sup-ij—-^- (by ((STD) 

67^0 


< sup 
67^0 


P ll®llL4/3(X,g) (X) 




(by the Kato Inequality (|2.5I) ) 


— ^l|l«llL4/3(jSs:,g) 

< zi{vo\g{X)f/‘^-^^‘^\\a\\L4(^x,g) (by [Ml Equation (7.8)]), 


and this proves (|8.7I1 . The latter inequality immediately yields the following special case of 
Theorem 18.31 


Corollary 8.4 (Lojasiewicz-Simon gradient inequality for the Yang-Mills L^-energy functional 
in dimension four). Assume the hypotheses of Theorem \8.A let (Z,a,9) denote the corresponding 
Lojasiewicz-Simon triple of eonstants, and let 

Zo := Zzf\Yo\g{X))-^l^ 

If A is a Sobolev connection on P that obeys (18.4p . then 

( 8 - 8 ) \\d*jf F'A\\L'i(x,g) > ZolS'g^A) — (Pg{AYM)\^■ 

This is also a convenient point at which to record the following consequence of the Kato 
Inequality (12.Sp and Sobolev Embedding (12.3p in the form ^ L^{U), where 1/ C is 

an open subset obeying the interior cone condition. 

Lemma 8.5 (Embedding into for the Sobolev IT^’^ norm for adP-valued one-forms defined by 
bubble-tree neighborhood data and conformal blow-ups). Let {X, g) be a elosed, four-dimensional, 
Riemannian, smooth manifold. Then there is a constant, C = C{g) G [l,oo) with the following 
signifieanee. Assume the notation of Definition \ 7. 9[ If a G IT^’^(Y;A^ (8)adP), then 

(^■^) ll®llL4(x,g) = ll^z,A ^\\p{X#srS‘^,h~f^’‘g) - 3 - S*)' 

8.4. Variation of the Lojasiewficz-Simon constants for the Yang-Mills L^-energy func¬ 
tional \vith respect to a variation of the Yang-Mills connection. Though not 

required for the proof of Theorem [H it is interesting to examine the behavior of the Lojasiewicz- 
Simon triple of constants with respect to a small variation of the Yang-Mills connection 

Aym on a principal G-bundle over a closed four-dimensional manifold, such as hold within fine 
ITjb^ bubble-tree open neighborhoods in Crit(P, ^). 

Lemma 8.6 (Lojasiewicz-Simon constants and variations of Yang-Mills connections). As¬ 
sume the hypotheses of Corollary \8.4\ and let [Z, a, 0) be the eorresponding Lojasiewicz-Simon 
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triple of constants. If is another g-Yang-Mills connection of class on P such that 

1 


II^YM ^YM||^yl .2 


^ 2 V 2 

then S'g{Ayj^) = S’g{AYM) o,nd {Z,aj{2y/2),6) is a Lojasiewiez-Simon triple for ^ym- 

Proof. Let A be a connection of class on P. Suppressing explicit dependence on the Rie- 

mannian metric, g, for brevity, we have 

M “ ^Ym||Li,2 = ||VAref(^ “ ^YM)|li2(x) + 11^ “ ^YM|li2(x) 

> 1 ref ^ ' 

< (|I^Aref(^ “ ^Yu)\\p(X) + I|VAref(^YM “ ^Ym)||l2(x)) 

+ ( 11 ^ “ ^Ym\\l^{X) + II^YM “ ^Ym||l 2 (A)) 

^ 2||VylREF(^ “ ^YM)lli2(JJf) + 2 ||A — ^ymIIl2(x) 

+ 2 ||Vyl„j,p(AYM “ ^Ym)\\'l^(^X) + II^YM “ ^Ym\\'l2(X) 

= 2||^ - Aym||^1,2 + 2||21ym - ^YM 11^1,2 

Suppose that 


:(1 Act), 


14' — 4 

Al-v»i Al- 


YM 11 m/1,2 




< £, 




for some e G (0,1] to be determined. The previous inequality then gives 

M - ^ym||^i ,2 < 211^4 - 74ymII^i,2 j,^^ + 2 e^, 

^^REF ^Aref 

and thus, taking square roots, 

11 ^ “ ^ym||^i ,2 < V^ll^l — ^ymIIvu ^>2 (X) V^e. 

2*^REF 2^REF 

Hence, choosing e := (1 A (t)/( 2\/2) and supposing that ||A — AymIIvu^’^ (x) al{2y/2) yields, 

* Arf.f ' ' 

11 ^ “ ^YM||^yl .2 (X) — V^ll^ — AymIIvfI’^ 

Applying Corollary 18.41 for Aym and the Lojasiewicz-Simon radius ^[Aym] gives 

U^FaWl^x) > Z\^g{A) - Sg{AYyf)t 

with constants Z = Z[Aym] and 6 = OlAyA. If A = A', then d*if Fj^i = 0 and so the preceding 

ATym YM 

inequality implies that (og{A'..^yf) = (^^(Aym)- Consequently, for a general Sobolev connection. A, 
the preceding inequality gives 

Mr^4|iL4(x) > zi4(A)-4(A;jr, 

and thus {Z,aj{2y/2),6) is a Lojasiewicz-Simon triple for [Aym]- Cl 

8.5. Lojasiewicz-Simon gradient inequality for the Yang-Mills L^-energy functional 
and coarse bubble-tree neighborhoods. We have the following version of the Lojasiewicz- 
Simon gradient inequality for the Yang-Mills L^-energy functional in Corollary 18.41 with norm 
II • llwi'2 *(y#^ 54) on n\X#^S^-adP) replaced by the norm || • ||^^2 (^#^ 54 )' 

24.reF)9^ 
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Proposition 8.7 (Lojasiewicz-Simon gradient inequality adapted to a coarse bubble-tree 
neighborhood). Let G be a compact Lie group and P be a principal G-bundle over a closed, 
connected, four-dimensional, oriented, smooth manifold, X, endowed with a smooth Riemannian 
metric, g. Let ^ym be a g-Yang-Mills connection of class W^’P, with integer k > 1 and p > 2 
obeying (k -|- l)p > 4, on a principal G-bundle, P, over X, let ^ (s [0, oo) be a compact subset, 
and let ^ C Crit(P, 5 ^,^) be a coarse bubble-tree open neighborhood of [^ym] provided by 

Corollary \7.13\ Then there are positive constants Z G [l,oo), a G (0,1], and 9 G [1/2,1), 
depending on ^, the gauge-equivalence class, [Aym]; o,nd g, G, P, and X with the following 
significance. Suppose A is a Sobolev connection on P and that [A] and [^ym] belong to 

a coarse bubble-tree open neighborhood ^ C S^{P,g) such that there are conformal blow- 

up diffeomorphisms, f,h £ Conf(X, 5 ), and a C°° gauge transformation, u G Aut(P) with the 
property that 


( 8 . 10 ) 


\\f-^’*u{A) - h-^’*A 




< 0 -, 


where ^ is the finite tree defined by ^. Then A obeys 


( 8 . 11 ) 


\\drFA\\Lpx,g) > Z\^g{A) - 4(AYM)r 


Proof The gradient inequality, 

> Z \ S ’ f - i ,* g{f ^’* u { A )) — S ’ i ,^- i ,, g{h ^’*Aym)1^, 

follows from the proof of Theorem 18.21 in m using Theorem 18.11 Theorem 18.31 and Corollary 
18.41 together with Lemma 18.51 The invariance of the L^ norm on one-forms and L^ norm on 
two-forms with respect to conformal diffeomorphisms of a four-dimensional Riemannian manifold 
then yield (18.lip . □ 


8.6. Completion of the proofs of Theorems [T] and |3J As a consequence of Corollary 17.131 
and Proposition 18.71 we can conclude the 

Proof of TheoremU^ Corollary 17.131 ensures that Crit(P,‘^) has a finite cover by coarse 
bubble-tree open neighborhoods, H Crit(P, < 7 , ^) defined by the inequality (|8.10p . of points 
[Aym] £ Crit(P, S','^). If [A] G n Crit(P, g','^), then A satisfies (18.101) and hence Proposition 
18.71 implies that A obeys the Lojasiewicz-Simon gradient inequality (|8.1ip . But A also obeys the 
Yang-Mills equation, d*J^F a = 0, and hence the inequality (jS.lip implies that Sg{A) = (^^(Aym)- 
This proves the main result of this article. Theorem [H □ 

Proof of Theoreml^ From inequality (11. 6 p . there exist [A] G Cnt{P,g,c) and [A'j G Ciit^P, g,c') 
such that 

||'n(A ) — < S, 

for some u G Aut(P). If 5 = ^[A], then the Lojasiewicz-Simon gradient inequality given by 
Corollary 18.41 implies that c' = S’g{A') = S’g{A) = c. Hence, the conclusion would follow if 
there were a positive constant, do, with the stated dependencies such that cj[A] > uo for all 
[A] G Crit(P, 5 r,^). 

To reach the desired conclusion, we shall instead apply the Lojasiewicz-Simon gradient inequal¬ 
ity given by Proposition 18.71 where the dependencies of its Lojasiewicz-Simon triple of constants 
can be tracked more easily. For e[AYM] > 0, Corollary 17.131 implies that Crit(P, 5 ^,^) has a finite 
cover by coarse bubble-tree open neighborhoods, D Crit(i-’, g, 'Z') defined by the inequal¬ 
ity (|7.4711 . of points [Aym] G Cnt{P, g,^). If [A] G H Cnt^P, g,bf), then there are conformal 
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blow-up diffeomorphisms, f,h£ Conf(X,and a C°° gauge transformation, u G Aut(P) with 
the property that 

\\f-^’*u{A) - < e, 

where ^ is the finite tree defined by Applying the proof of Lemma 18.61 it follows mutatis 
mutandis that if (^[Aym], ^[^ym]) is a Lojasiewicz-Simon triple for [Aym] in Proposition 

18.71 then (Z[Aym], o'l^YMj/d, 0 [Aym]) serves as a Lojasiewicz-Simon triple for [A] in Proposition 
18.71 when e[AYM] = (1 A cr[AYM])/4 in the preceding inequality. Consequently, 

V[A] G ^'nCrit(P,5,^). 

From Definitions 17.101 and 17.111 we find that 


where C = C{g) G [l,oo) and the identity map on X in place of the pair of conformal blow-np 
diffeomorphisms in those definitions. If we choose (i = (1 A (t[Aym])/( 4C), then 

C’'[Aym] 


KA')-A|| 


Wd,,g{X#3rS*) 


< 


and Proposition 18.71 (with / and h replaced by the identity map on X) implies that c' = S'g{A') = 
S'g{A) = c'. The conclusion in Theorem [3] now follows by finiteness of the open cover for 
Grit (P, g, 'rf) by coarse bubble-tree open neighborhoods of the form provided by Corollary 

[7T31 □ 


Appendix A. A weighted Sobolev embedding on Euclidean space 


The following Sobolev embedding result generalizes that of [331 Lemma 5.2], which assumes 
p = 2 and d = 4; similar embeddings appear as [96l Equation (3.4)] for p = 2 and d = 4 and [Ml 
Definition 4.2 and Lemma 5.4 (a)] for d = 3. Onr proof of [331 Lemma 5.2] contained a small 
typographical erroilHI and so we include the details here for the sake of completeness. 


Lemma A.l (Weighted Sobolev embedding on Enclidean space). Let d > 3 be an integer and 
have its standard Euclidean metric. If f £ C), then 

sup |||xo - • rVllL4-2(K4) < ^-77^l|V/||Ld-2(R4). 


Proof. Suppose first that / G C'“(M'^) and d > 3 and / > 0 on Let x = {r,9) denote polar 
coordinates centered at a point xq G M'^, so r = |x — xqI and dx = r'^~^ drdO. Then 



r^-dfd-2 dx 



drdO 


via integration by parts and hence. 



r2-dfd-2 


d- 2 


or 


^^The integrals over M should be replaced by integrals over the half-line, [0, oo). 
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If d = 3, then the preceding identity simplifies to 


f r ^fdx = -\ ! 


dr 


dx, 


and the conclusion follows since r = |x —xo|, for this class of function, /, by taking the supremum 
over all xq E 

We now consider the case d > 4. By applying the Holder Inequality with exponent fj, S (1,2] 
such that (d — 3)fi = d — 2, thus fj, = {d — 2)/(d — 3), and dual exponent /i' G [2, oo) defined by 
1/+ 1/^' = 1, thus l//i' = 1 — (d — 3)/(d — 2) = l/(d — 2) and //' = d — 2, we see that 



^2-dfd-2 




< ^ -? ( f ^(3-d)^, J{3-d)^, 

2 xJ-Rd 


, y/M' 

|V/r dx\ 


d-2 

2 


rd-2 fd.-2 



(d-3)/{d-2) 




l/(d-2) 


Therefore, provided / ^ 0 on M'^, we have 


y /( d - 2)^^_2 


\ l/(rf-2) 
iV/l'^-^dxJ 


Again for this class of function, /, the conclusion follows by taking the supremum over all xq € 

For the general case of / G M), one splits / = — /“, where /+ = max{/, 0} and 

f~ = max{—/, 0}, and proceeds as in the proof of [39l Theorem 7.8], using [39l Lemmas 7.5, 7.6, 
and 7.8]. The extension to the case of / G C) is trivial. □ 
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